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Polarization in Stokes parameters
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circular polarization



Twice rotation property
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Problem: we need frames for each ray



Motivation

Spherical harmonics (SH) work well 
for scalar intensity

SH do not work for polarized light
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,

Frame field 𝐅⃗ #𝜔

The frame matters
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Stokes parameters
w.r.t frameStokes vector field 𝑓

Problem: singularity
continuous singularity

Not avoidable due to the Hairy ball theorem

𝑠!

𝑠"

𝑠#

𝑠$



Why SH work well for scalar intensity?
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Rendering equation

BRDF

Rotation

Pointwise product Convolution

∗
Angular domain

✓ Rotation invariance

✓ Convolution to elementwise product

✓ Other benefits…

Frequency domain

SH theory

Precomputed radiance transfer
[Sloan et al. 2002]

Monte Carlo ray tracing
[Belcour et al. 2018]

Appearance capture
[Ramamoorthi et al. 2001]

Subsurface scattering
[Zhao et al. 2014]

Frequency domain operations

Benefits:



Overview

Why spherical harmonics (SH) work well 
for scalar intensity?

SH do not work for polarized light

Our polarized SH work for polarized light
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 No rotation invariance

 Rotation invariance
 Convolution into elementwise product

 Rotation invariance
 Convolution into nearly elementwise product



Contribution
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SH theory

? ?

?

Polarized SH theory

100 fps

Precomputed polarized radiance transferPrecomputed radiance transfer
[Sloan et al. 2002]

Monte Carlo ray tracing
[Belcour et al. 2018]

Appearance capture
[Ramamoorthi et al. 2001]

Subsurface scattering
[Zhao et al. 2014]



Polarized spherical harmonics theory

Please refer to the paper for
full step-by-step derivation
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Real-time polarized rendering
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Polarized spherical harmonics
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scalar (circular polar.)
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(conventional)

spin-0 SH
(conventional)
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Polarized spherical harmonics
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Polarized spherical harmonics
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Linear polarization

scalar (intensity)

scalar (circular polar.)

+

spin-0 SH
(conventional)

spin-2 SH

spin-0 SH
(conventional)

✓ Rotation invariance

✓ Convolution to
    elementwise product

Polarized SH



Frequency domain

Rotation invariance for Stokes vectors
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∙ ∙ ∙ ∙ ∙ ∙

∙ ∙ ∙ ∙ ∙ ∙

Coeff. matrix
of rotation

Reconst. w/ rotated basisReconst.Polarized
environment map

Cut-off 

(B)(A)

–0.1 0.1

Angular domain



Rotation invariance for Stokes vectors
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Coeff. matrix
of rotation

SH + frame field
✘ no rotation invariance
✘ offline
    (grid-based simulation)

Spin-2 SH (Ours)
✓ rotation invariance
✓ real-time (analytic)

(B)(A)

𝑠!

𝑠"

𝑠!
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Scalar spherical convolution
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𝑘	 ∗ 	 𝑓	 = 	 ℎ
-𝜔

!	 ⋅𝑘 ∗ 𝑓 $𝜔 =
-𝜔

d$𝜔(



𝑘	 ∗ 	 𝑓	 = 	 ℎ
!𝜔

!	 ⋅𝑘 ∗ 𝑓 -𝜔 =
!𝜔

d-𝜔%

Polarized spherical convolution?
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If 𝑓 becomes a Stokes vector field….
What should 𝑘 become? Scalar? Stokes vector? Mueller matrix?

? ?

?



𝑇 	 =

Scalar spherical convolution
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= Rotation equivariant linear operator

𝑇 	 =Scalar
Dirac delta
𝛿 #𝜔, 𝑧̂#

𝑧̂

kernel 𝑘



Polarized spherical convolution
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𝑇 	 = 

𝑇 	 =

Spin-2
Stokes vector

Dirac delta
1 𝐅⃗!

𝛿 #𝜔, 𝑧̂#

𝑧̂#

Scalar
Dirac delta
𝛿 #𝜔, 𝑧̂#

𝑧̂#

Convolution kernel
Frequency domainAngular domain

Kernels belong to only subspaces à Efficient elementwise product

𝑚 = 0 𝑚 = 1 𝑚 = 2𝑚 = −1𝑚 = −2

⊕

spin 0-to-0

⊕

spin 0-to-2

spin 2-to-0 spin 2-to-2



Polarized spherical convolution
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∗ =

result 𝑘 ∗ 𝑓source 𝑓kernel 𝑘

)𝜔

!	 × d$𝜔(𝑘 ∗ 𝑓 $𝜔 = 𝑘"" 𝜃 𝑘"# 𝜃 𝑘"$ 𝜃 𝑘"% 𝜃
𝑘#" 𝜃 𝑘## 𝜃 𝑘#$ 𝜃 𝑘#% 𝜃
𝑘$" 𝜃 𝑘$# 𝜃 𝑘$$ 𝜃 𝑘$% 𝜃
𝑘%" 𝜃 𝑘%# 𝜃 𝑘%$ 𝜃 𝑘%% 𝜃

𝜃 = cos!" &𝜔 ⋅ &𝜔#

rotated by $𝜔

Frequency domain

Angular domain

Nearly elementwise product!



Real-time polarized rendering
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Ablation: Frequency domain operations
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Rotation & Rendering equation (Pointwise product) (Convolution)



Efficiency of convolution approximation
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Conclusion and future work
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SH theory

[Sloan et al. 2002]
(PRT)

[Belcour et al. 2018]

[Ramamoorthi et al. 2002]

[Zhao et al. 2014]

Polarized SH 
theory

-0.1 0.1-0.1 0.1

Precomputed polarized radiance transfer

future work

Future work

• Extend more techniques for SH to PSH

• Polygonal area [Wang’18]

• Fast triple product [Xin’21]

• Removing ringing artifact [Sloan’ 17]

• More applications

• Polarized radiance fields (NeRF-like)

• Spherical CNN for polarized light
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