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PREFACE

This supplemental document serves several purposes for different readers, with the exception of Sections 1.1
and 1.2, which are recommended for all readers. First, Sections 2.1 to 2.3, 2.6, 3.1, 4.2, 4.1 to 4.4 provide some
additional motivation and detail to the background described in Sections 4 and 5 of the main paper for readers
who are not familiar with either spherical harmonics or polarization. Second, the remainder of this document
contains formal definitions and detailed steps for proofs in a more axiomatic and rigorous manner. This remainder
is intended for more dedicated readers who want to verify the mathematical properties of polarized spherical
harmonics presented in the main paper. Since each of Sections 2, 3, and 4 contains subsections intended for
different readers, we also clarify the purpose of each subsection at the beginning of each of these sections.

Since our work deals with extensions of quantities and equations that have been previously treated in spherical
harmonics and polarization, it is helpful to see Table 1, which compares the formulae proposed in this work with
the existing formulae to which each corresponds.
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1 PRELIMINARIES
1.1 Geometric and Numeric Quantities

In this paper, we investigate various categories of quantities such as vectors, Stokes vectors, transforms, and
functions on the unit sphere to these quantities. Before discussing individual concepts of them, we first distin-
guish them into two categories, geometric quantities and numeric quantities, inspired by a computer graphics
textbook [Gortler 2012].

Geometric quantities can be easily understood as physical quantities, which we can see in the real world,
and numeric quantities can be considered as just arrays of numbers. For example, we call vectors (or geometric
vectors to clearly avoid confusion of terminology), denoted by 4,3,d, - - € I@S, as geometric quantities, and
numeric vectors, denoted by a, ¢, x € R", as numeric quantities. While vectors discussed in this paper are always
three-dimensional quantities, numeric vectors include four-dimensional Stokes component vectors, which is
discussed in Section 4.2 in the main paper, and spherical harmonics coefficient vectors with arbitrary dimension,
which is discussed in Section 4.1 in the main paper. We will call the numerical representation of vectors as
coordinate vectors, which are special cases of numeric vectors.

Regardless of whether geometric or numeric, we call a set with well-defined addition and scalar multiplication
a linear space', in the sense of linear algebra. Both the set of (geometric) vectors and the set of numeric vectors
are linear spaces.

For sets X and Y, F (X,Y) = {f : X — Y} 2 denotes the set of all functions from X into Y. If X and Y are linear
spaces, L(X,Y) ={f e F(X,Y) | f (ax + by) = af (x) + bf (y)} indicates the set of linear maps from X into
Y, regardless whether geometric or numeric. We call linear maps between numeric vectors matrices and those
between geometric vectors transforms. Moreover, a frame indicates an orthonormal® linear map from coordinate

vectors to geometric vectors, and the set of frames is denoted by o= {f‘ el (Rﬁs R3) | Fis orthonormal}.

Then, we observe that a vector is equal to the matrix product of a frame and a coordinate vector as described in
Figure 1(a). Note that a coordinate vector itself does not have any physical meaning in the real world, but it can
be converted into a geometric vector by combining it with a frame.

Similar to the multiplication of frames and coordinate vectors, we have several kinds of multiplications as
follows:

matrix (€ L (R3, RS)) x coordinate vector (€ R?) =coordinate vector (€ R®)
frame (€ L (R3, @3)) x coordinate vector (€ R?) =vector (€ @3)
transform (€ L (q3, RB)) X vector (€ RS)) =vector (& ]f@)
matrix (€ £ (R* R?)) x matrix (¢ £ (R* R?)) =matrix (€ £ (R*,R?)) (1)
frame (€ £ (R3, ]@)) X matrix (€ £ (R* R?)) =frame (€ L (R3, ]?R@))
transform (€ £ (@3, @3)) X frame (€ L (R3, I@)) =frame (€ L (R3, @3))

transform (€ L (]l_é3 1@3)) X transform (€ L (@3 @3)) =transform (€ L (]1@3 ]1%3))

IThis is more frequently called vector space in other literature, but we do not use it since the word "vector’ might be misunderstood as a
geometric quantity.

2To consider it as an inner product space in later sections,  should contain additional conditions such as L2 integrability for mathematical
rigor. For the sake of simplicity, however, we have omitted such conditions as they are always satisfied in practical cases. We refer to Groemer
[1996] for complete mathematical rigor of the theory of spherical harmonics

3Tt may not be orthonormal in general, but we only consider orthonormal frames in this work for simplicity.
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Geometric Frame F Numeric
(a) Vector Linear map R — R? Coordinate vector
€1
— R3
5 =23 C=|C|€e
vseR
5 €3]

(b) Stokes vector Stokes component vector

$1

$2
.......... i s = eR?
$3
i\ Light
' Z direction b _s4_

Fig. 1. We distinguish geometric and numeric quantities. (a) A (geometric) vector is equal to the product of an orthonormal
frame, which is a linear map from numeric vectors to geometric vectors, and a coordinate vector, which is a kind of numeric
vector. (b) Combining a frame F and a numeric vector s, named a Stokes component vector, we get a geometric quantity
Stokes vector, which indicates a polarized intensity of a ray. Here, it is essentially different from the product of a frame and a

numeric vector, we write the relationship of these quantities with our novel notation s = [s]z

Note that we also denote £ (R™,R") =: R™*", These multiplications are well defined in the sense of the action
of linear maps on linear spaces and the composition of linear maps. Note that the multiplication of some pairs of
quantities, which is not included above, is usually not allowed. For example to distinguish numeric matrices and

— >, -
geometric transforms, we can imagine a rotation. We denote SO (3) ¢ R3*® and SO (3) c £ (R3, R3) as the sets

of (numeric) rotation matrices and (geometric) rotation transforms, respectively. When a frame F= [fc ] 2] is
given, the rotation transforms around the axis %, §, and z by angle 6 can be written as follows:

R{,g’g,ﬁ} = FR{x,y’Z}F_l, where (2)
1 0 0 cosf 0 sinf cosf —sinf 0

R, ={0 cosf —sinf|, Ry= 0 1 0 [, R,=|sinf cosf O0f. (3)
0 sinf cos@ —sinf 0 cosf 0 0 1

Note that while subscripts x, , and 2 in the left-hand side of Equation 2 indicate the axis vectors of F which has
been defined in this context, subscripts x, y, and z in the right-hand side just symbols which means the first,
second, and third of a frame which do not have to be given in advanced. Also note that conversion between a

rotation transform R € SO (3) and R € SO (3) with respect to a frame F € F® can be done by R = FRF! and

R = F~'RF. For compactness, we often write consecutive rotation transforms about some axes iy, dlp, - - - € §2
and rotation matrices about uy, uy, - - - € {x, y, z} as following ways, respectively:
Rfll (Ql)Rﬁz (92) = Rﬁlﬁz--- (91» 025”.)> Ru1 (91)Ru2 (02) s = Rull«lz"' (61!92”') (4)

which also can represent Euler angles.
For numeric quantities, we will write NumPy style indexing notation such as:

x[1] Al1,1]
x=]|---|, and A = . (5)
x [n] A[m,n]

ACM Trans. Graph., Vol. 43, No. 4, Article 127. Publication date: July 2024.
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(a) “global” and “local” frames, and frame “field” (b) 6¢p frame field ﬁg¢ @) (c) ZYZ Euler angles

J

R . . Riy2(9,0.0)2 = &
global frame F; local frame F at & frame field F(@) Rpy2(6,0,1)Fy = Fog (@)R, (%)

Fig. 2. Some definitions and useful identities about frames. (a) In this paper, we distinguish a global frame, a local frame at &,
and a frame field. (b) We usually use the 08¢ frame field, which is defined in Equation (9). (c) Spherical coordinates and a local
frame can be evaluated with ZYZ Euler angles as Equation (12).

A [i,:] and A [:, i] denote i-th row and column vectors of a matrix A. Referring to i-th (or i, j-th) entries of geometric

quantities are illegal. Since a frame is both related to numeric and geometric vectors, referring its i-th row is

illegal while its i-th column is well defined. For example, we have F[.3] = 2 for a frame F = [fc ] i] c s,
Notations of sets of each type of quantity and notation convention for them are summarized in Table 1.

Ajtkr 0 Aitkn
Mat [Ajj | j=1--,nl=1---,n]=| : Do (6)
Aink1 -+ Ainkn
If the range of two indices is the same, then we sometimes write it as j,/ = 1, - - , n simply, and we sometimes

even omit the range if it is clear in context. Moreover, we can also take the range of indices that is not an interval,
such as:

A—m,+m A—m,—m

A A —
Mat [A;; | i, j = +m,—m| = |’ ™m 2™ ’”} . (7)

1.2 Unit Sphere, Frames, and Rotations
As a subset of the space of 3D geometric vectors R3, the unit sphere (or just sphere) S = {03 eR3| 6] = 1}4

indicates the set of all vectors with unit norms. It also can be considered as the set of all directions in R? in the
context of computer graphics. It usually parameterized by spherical coordinates of a zenith angle 8 and a azimuth
angle ¢ as follows:
sin 6 cos ¢
Ogph (6,¢) = Fy |sinOsing |, (8)
cos @

where a global frame F, = (%, 04 2] is given.

In this paper, we will distinguish the terms global, local frames, and frame field as Figure 2(a). We call a global
frame as a frame independent of a particular direction @ € §2, and the global frame, which is often used to assign
spherical coordinates on §2. A local frame at © indicates a frame with local 2 axis as @, i.e., F [:, 3] = ®, which is

“While denoting by S? or S? is more common in other text, but we write with the “symbol to clarify it is a set of geometric vectors, not
numeric ones.

ACM Trans. Graph., Vol. 43, No. 4, Article 127. Publication date: July 2024.
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used to measure Stokes vectors along @, and frame field (or moving frame) as a function from §2 to F*. We also
define Iﬁi = {f*‘ e |F[,3] = d)} c 8.

There are infinitely many choices to assign a frame field on the sphere $2, weuse a typical example which we
call the 0¢ frame field and denote by Fys (&). Using spherical coordinates, it can be defined as follows:

Fog (0.6) = | %22 (0,4) normalized 22" (6,9) o (6,9)]. )

which is visualized in Figure 2 (b). We observe that 8¢ frame field 1_59¢ has two singularities at dgph (0, ¢) = Z, and

Osph (11, ¢) = —Z4, where the function f‘gqg cannot be continuously defined. Not only the 8¢ frame field, but any
frame field on the sphere always has a singularity due to the hairy ball theorem, which is common in differential
geometry.

1.3 Useful Identities

Identities using rotations. Note that inner products on R® and R? are preserved under rotation. In other
words,

Vxy eR: VReSO(3), x'y=®xT(Ry), VijeR,VReSO(3), % j= (R’f) : (ﬁg‘j) . (10)

It can be directly proven by the fact that rotations are orthogonal matrix so that RR” = RTR = 1.
It is often useful that a global frame F, can also be considered as a local frame at the zenith (Z,), and using ZYZ
Euler angle rotation spherical coordinates and the 08¢ frame field can be rewritten as:

Ooph (0,9) = Rz, (9.0.) 2, (11) Fog (0,9) = Rz, gz, (9.0.0) Fy, (12)
while Rz 4,2, (4,6,9) l?g represents an arbitrary local frame at dgpp (6, ¢).

Another choice of a frame field is the perspective frame field f‘pers shown in Figure 5(c) in the main paper,
characterized by the virtual perspective camera. Note that there are several choices of such camera-based frame
field conventions. We follow the convention of Mitsuba 3 renderer [Jakob et al. 2022], which utilizes the up-axis
of camera 7 to define F‘pers as

Foes (038) = [# § O] = [normalize @x d) dx% ). (13)

While the 0¢ and the perspective frame fields are highly related, as i‘pers (@524) = 1_5.9¢ (®)R; (%), we use
the both since they have their own convenience. Formulas of special functions, including SWSH and Wigner
D-functions, are usually written related to 8¢ frame field, while it is natural to use perspective frame fields, whose
local y axes are close to the camera up vector, for perspective view.

Integral formulae. To derive some identities for spherical harmonics and our polarized spherical harmonics, we
_)
sometimes need to integrate some functions over the space of rotation transforms SO (3). The differential measure
> > = - -
dR for R € SO (3) is evaluated as follows using ZYZ Euler angles with respect to a frame F = [J% 7 2] eFis

given:
/57)(3)f(§) dﬁ:‘/()z”/oﬂ‘/ohf(ﬁfgz (B, Y)) sin fdadpdy. (14)

—
Note that this measure is equivalent to a constant multiple of the subspace measure by identifying SO (3) to a
subset of R?, and it is invariant under choice of the frame F.

ACM Trans. Graph., Vol. 43, No. 4, Article 127. Publication date: July 2024.
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A —
Several integration techniques for the sphere S? and rotation transforms SO (3) are used to prove the important
properties of conventional and our polarized SH as:

1 - >
/f(d)) do = — /_} f(Rig) R, (15)
§2 27 J58(3)
= =g —_>
/ f(o)do = / f (RL:)) dé for any R € SO (3) . (16)
§ §
Readers who are not about to verify the proof of this paper and just want to use the results can skip this part.

1.4 Linear Algebra on Function Spaces

We call an algebraic object equipped with addition and scalar multiplication as linear space while other literature
more frequently calls it vector space. To avoid confusion, the term vector is usually used to discuss numeric vectors
and geometric vectors in this paper.

This paper investigates several function spaces such as spherical harmonics, spin-weighted spherical harmonics,
and naively applied spherical harmonics to Stokes vectors fields. To distinguish properties inherited from general
properties of orthonormal basis and properties of a certain individual basis, we recall the general theory of
linear algebra on function spaces in this section. Then, we will describe the properties of spherical harmonics
as examples of general theory. Later, we introduce spin-weighted spherical harmonics in Section 6 in the main
paper, also based on the language defined in this section.

First of all, We will discuss function spaces, including the set of spherical functions (or scalar fields on the

sphere) (gz C) and the set of Stokes vector fields on the sphere in this paper. They are important in computer

graphics since a spherical function can represent radiance as a function of directions, such as an environment
map and a 2D slice of a BSDF with a fixed incoming or outgoing direction, and the set of Stokes vector fields can
represent polarized versions of those quantities.

These function spaces are inner product spaces so they can be described by the general theory of linear algebra.
Even though those function spaces have infinite dimensionality, fundamental properties of linear spaces are well
extended to function spaces, as described in this section.

Spherical harmonics are known as bases of function spaces, so we first define bases and coefficient representation
with respect to them.

Definition 1.1: Bases and coefficient vectors

For a countable index set I and an inner product space H (usually a function space) over scalar K (=R or
C), an indexed collection B := {b; | i € I} C H is called a basis > of H if and only if for any f € H there

uniquely exists an indexed collection of scalars {a; | i € I} such that:
f= Z £b;. (17)
iel
Here, g; is called the coefficient of f with respect to b; or the i-th coefficient of f with respect to 8. When

order on [ is given in context, f := Mat [f; | i € I] is called the coefficient vector of f with respect to the
basis B.

While bases are usually defined without admitting such index sets as above, having them in the definition of
bases makes writing statements about spherical harmonics and further bases, including our polarized spherical

SRigorously, it should be called a Hilbert basis since Equation (17) includes not only finite summations but also countably infinite ones, but
we simply call basis for simplicity.

ACM Trans. Graph., Vol. 43, No. 4, Article 127. Publication date: July 2024.
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harmonics, much more convenient. Note that converting a vector f into its coefficient vector is linear, so the
coefficient vector can be considered to be equivalent to the original vector f. For the sake of simplicity, we
consistently denote I, H, K, and B with the conditions stated in Definition 1.1.

In Section 1.4 italic characters such as f and b; usually denote elements of a vector space, which also can be
functions, Roman characters such as f; denote coefficients with respect to some basis, and bold roman characters
such as f do coefficient vectors. While f may be a geometric or numeric quantity depending on its space H, f;,
and f can be considered as numeric quantities since they are indexed collections of scalars.

Proposition 1.2: Coefficient for a basis

In Definition 1.1, suppose that (-, -)4; denotes the inner product on H and the basis {b; | i € I} is or-
thonormal, i.e., <b,~, bj>‘H = J;;. Then the coefficient in Equation (17) is evaluated as f; = (b;, f) 4, i.e.,

VfeH, f= Z (bis f) ¢ bi. (18)

iel

Definition 1.3: projection on subsets of bases

Suppose that 8’ = {b; | i € J} be a subset of a basis 8 of a linear space H, which is characterized by
J € I. A projection of f € H on B’ is defined as:

f=) fibs
ie]
where f; is the coefficient of f with respect to b;. This is also called the projection of f on the basis of 8
up to J.

Note that the projection of f up to J sometimes indicates the coefficients {f; | i € J} rather than }’;; f;b;, and
it will be distinguished according to the context.

Note that the space of linear map £ (X, Y) is still well defined even if X is an infinite-dimensional function
space. However, in this case, we usually call such linear maps as linear operators conventionally to emphasize
that X may be a function space.

Proposition 1.4: Coefficient matrices of linear operators

Suppose that {b; | i € I} c H is an orthonormal basis, there is a linear operator T : H — H. When
denoting the coefficients of f € H and T [f] by {f; | i € I} and {fl’ |ie I}, respectively, ! is evaluated

as:
;= > (b T [b]) i Fr (19)
jel
Here, (bi, T [Bj] > is called as the coefficient of T with respect to (b;, b;) or (i,j)-th coefficient of the linear op-
erator T with respect to the basis 8. When order on I is given in context, T := Mat [(b,-, T [Bj] >7_[ |i,je I]
is called the coefficient matrix of T with respect to B.

ACM Trans. Graph., Vol. 43, No. 4, Article 127. Publication date: July 2024.
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Proof: By Proposition 1.2,
fi = (bi, g and ] = (b T [fD gy -
From the later equation, substituting the formal equation and the definition of basis (Equation (1.1)) yields:

> fb; > = > (BT [b;])g b5

£ =Ty = <bi>T
Jel Jel

Here, the rightmost implication comes from the linearity of T and the inner product. O

Note that Equation (19) can be rewritten as the matrix-vector product of the coefficient matrix of T and the
coefficient vector of f. For coefficients of linear operators, the following properties are useful.

Proposition 1.5: Identities for linear operator coefficients

Suppose that B = {b; | i € I} C H is an orthonormal basis on H and there are linear operators T, Ty, T :
H — H. Denote their coefficient matrices with respect to 8 by T, Ty, and T,. The following properties
hold.

(1) For the identity operator I : H — H with I [f] = f, the coefficient matrix w.r.t. 8 is the identity
matrix, i.e., <b,-,I [bj] >71( = 8y
(2) The coefficient matrix of Tj o T w.r.t. B is the matrix product of T; and Ty, i.e.:
Z (bi Ty [bk]) g4 (br T [bj]>,H =(b;,TioT, [bj]>(H'
kel
(3) If T™! exists, then the coefficient matrix of T~! w.r.t. B is the inverse matrix of T, i.e.:
3 BT 1D (T [ = 3 (8T Lol T [ =
kel kel
(4) If T is a symmetric operator, i.e., (f,T [g])¢ = (T [f].g)4 for any f,g € H, then its coefficient
matrix T is a Hermitian matrix (TT = T*), ie., <b,, T [bj] >W = <b], T [b; >“H
(5) If T is a unitary operator, i.e., (f,T [g])¢ = <T‘1 L1, g>(H for any f,g € H, then its coefficient
matrix T is a unitary matrix (T~} = (TT) ), i.e., (bi, T-1! [ ]>$L( <b],T [5;] >

What we deal with as an important desirable property of spherical harmonics is rotation invariance. For a
generalized description, we first formulate transform invariance for given transforms and discuss the rotation
invariance of spherical harmonics in the later section. First, the invariance of a subset of a space is naturally
defined.

Definition 1.6: Transform invariance of a subset

A set A C H is called to be invariant under a linear operator T : H — H if T (A) = A

Here, we also call the linear operator T as a transform conventionally when we are interested in invariance.
Now, a basis can be called to be invariant if it can be separated into a partition of finite sets so that these finite
subsets of the basis span invariant subspaces.
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Definition 1.7: Transform invariance

A basis {b; | i € I} c H is called to be invariant under a linear operator (transform) T : H — H if
there exists a partition of the index set I into finite subsets, i.e., I = g, Jk with J; N J; = 0, such that
span{b; | i € Ji} is invariant under T for any k.

Proposition 1.8: Equivalent conditions for transform invariance

Suppose that there is an orthonormal basis 8 = {b; | i € I'} of an inner product space H and a linear
operator (transform) T : H — . Then, the following statements are equivalent to each other.
(i) The basis is invariant under T, by Definition 1.7.
(i) Let By = {b; | i € Jx}. For any f € H and k > 0 the projection of T [f] on By is equal to T [f”]
where f” is the projection of f on By.
(iii) Let By = {bi | i € J; for some j < k}. For any f € H and k < 0 the projection of T [f] on B«
is equal to T [f’] where f” is the projection of f on B.
(iv)

Vk #k 20,V (i, )) € Je X Ji» (bix T [Bj] )4 =0 (20)

Proof: For simplicity, we will briefly show a few implications among (i) and (iv) rather than full proof.
(i) = (iv): For i € Ji, there exist some a;; for j € Ji such that T [b;] = ;¢ aijb; since T [b;] €
span {b; | i € Ji} by invariance in Definition 1.7. Since B is an orthonormal basis of H, we can rewrite:
T [b;] = Yijer <bj, T [b;] >(H b;. Note that basis yields the unique linear coefficients so that we finally get
@y = (bj, T [bi]>71 for j € Ji and <bj, T [bi]>,H = 0 for j ¢ Ji. The latter one implies Py.

(iv) = (iii): Note that f = 3};c;(bi, f)¢ bi by Equation (18). By linearity of T, we get T [f] =
Dicr bi, f)¢ T [bi]. Expanding T [b;] using Equation (18) yields:

TIfT= D) > (bis o (b T 1]} g b (21)
iel jel

Since it is a linear combination of basis b, ;e (b, f) <bj, T [bi]>7_{ is the coefficient of T [f] w.r.t. b;.
Changing letters for summation indices and using (iv), we finally get the projection of T [f] on By is:

D0 D b N p b TIbi)grbe = D > (bis ) (b T [bi])g¢ b (22)
j<ki'e]; i€l j<ki’e];ie];
On the other hand:
F= 0 ®Boflacbs (23)
j<kie];
TIf1= D, GufduTlbil= D, D (b flg (bu, T [bildg by (24)
jskie]; j<kie]; i'el

- Z Z<bi’f>7-{<bi’»T[bi]>74bi'.

Jj<kjie];i’€];

Here, the last implication comes from (iv). Now we observe that Equations (22) and (24) are equal.
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(iii) = (ii): It is straightforward since a projection is a linear operation and a projection on By is identical
to the subtraction of the projection on B<x_; from that on B, O

We observe here the matrix representation of <b,~, T [b ]]> satisfying Equation (20) becomes a block diagonal
matrix. Conditions (i) and (iv) can be determined only with the basis and the transform themselves, while (ii) and
(iii) show why this invariance is important when one applies the transform for a given vector. In other words,
for an invariant basis and a transform, projecting on a subset of the basis and applying the transform commute
without any loss of information. Moreover, this commutativity allows us to reduce the transform applied on a
projected vector to a finite computation even if the vector space H has an infinite dimensionality.

Proposition 1.9: Finite matrix for invariant transform

There is an orthonormal basis 8 = {b; | i € I} of an inner product space H and a linear operator
T : H — H. Suppose that B is invariant under T with a partition of finite indices I = ;. Ji. For
any f € H, let fop = {(bi, f) | bi € B<x} denote the (finite) coefficient vector of f projected onto
B = {bi |j<k i€ ]j}. Then the T [ f] projection on By is evaluated as the following finite matrix-
vector product.

Tskfsk, where Tsk = Mat [(bl,T [b]]> | b;, bj € Bsk] . (25)

Proposition 1.9 is a necessary but not sufficient condition of invariance described in Definition 1.7 and
Proposition 1.8, but it is related to what actually a rendering pipeline computes. Thus, Figures 10 and 11 in our
main paper shows experimental validation of Proposition 1.9.

1.4.1 Linear spaces over R vs. C. In this paper, we sometimes consider a linear space with the scalar as R and
sometimes do so with the scalar as C. Then some relations discussed here will be useful.

Proposition 1.10: Linear spaces over R vs. C

If B is a basis for a linear space V over C then the set 8’ := {e,ie | e € B} is a basis for V as a linear
space over R. Concretely, if an arbitrary vector v € V is represented as a linear combination over complex

coefficients by Equation (17) as:
0= Z ciei, (26)
i

then it can be rewritten using the new basis B’ and real coefficients as follows:

0= Zaiei +b; (ie;), where a; = R¢; and b; := Jc;. (27)
i

Moreover, V over C is equipped with an inner product (-, -)yc, an inner product on V over R is canonically
induced as (-, ")y g = R (., v|c- B is orthonormal (w.r.t. (-, -)y|c) then the new basis B’ is orthonormal
with respect to (-, *)y|g-

Here, R and J denote taking real and imaginary parts of given complex numbers, respectively. We often write
each inner product as (-, -)¢ and (-, -), respectively, for simplicity when it is clear in context. The following
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relations between coefficients and bases are useful.

Ci = <Bl‘, U>C , (28)
a; = R (Bi,0)c = (Bi,0)x, (29)
bl‘ =R <iBi, Z)>C = <iBi, 0>R =9 <Bi, Z)>C . (30)

Please be careful that while B; and iB; are not orthogonal in V over C (i.e., (B;, iB;)c = i # 0), these are orthogonal
in V over R (i.e., (B;, iB;)g = 0).
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2 BACKGROUND: SPHERICAL HARMONICS

2.1 Spherical Harmonics

Spherical harmonics is described as a special case of Definition 1.1, as:

Proposition 2.1: Spherical harmonics

Spherical harmonics are spherical functions Y;,, € (Sz’ (C) which can be evaluated in spherical coordi-
nates (6, ¢) as follows:

Yim (0. 9) = AP} (cos 0) €™, (31a)
I [ —m)! d!
Apy, = 24;1El+r’:;!, P, (x) :ﬁ@(xz—l)l, (31b)
P (x)=(-1)™(1- xz)m/2 d—PI (x), P (x) =(-)" U= m). —=P" (x),form > 0.

dxm T+m)l !

With an index set Isy = {(I,m) € Z* | |m| < I}, {Yim | (I, m) € L} is an orthonormal basis of 7 (SZ,C).

Here, P, is called the Legendre function of order | and PJ" is called the associated Legendre function of order I and
degree m. ® The first few spherical harmonics functions can easily be evaluated using the recurrence relations
above as follows.

/ 1 [3 [3
YOO (9, ¢) = E, Y] -1 (0 ¢) = —” sin 06 , Y10 (0 QZS) = —7[ COS@
3 s 15 . 2, —2ip 15 i¢
Y11 (6, ¢9) = — = sin fe'?, Y, 2(0,9) = o sin® fe™ ', Y2-1(0,9) =+ — sm@cos e %,

(32)

1
Yy (0, 9) = \/% (3cos®0—1), Yy (0,9) = 1, > sm9005 0e'?, Yy (0,¢) = 1, D sm 2 9ei?

Be careful that other literature and programming libraries sometimes use different conventions in Equation (31),
so that they might have slightly different formulae such as multiplying (—1)™ or V4.

Orthonormality defined in Proposition 1.2 assumes the set of spherical functions (SZ (C) as an inner product

space. An inner product of two spherical functions f and g € # (Sz, C) is an integral of the product of the values

of the given two functions in each direction:

i £)(sncy = [ F (@90 do (33)

SUnfortunately, there is a difference in terminologies order and degree depending on each research field. Mathematics and physics such
as [Canzani 2013; Hall 2013] usually call [ and m by degree and order respectively. We follow computer graphics convention as [Ramamoorthi
and Hanrahan 2001a; Sloan et al. 2002; Xin et al. 2021].
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where do = sin 8d0d¢ is the solid angle measure on the sphere $2. Note the presence of the complex conjugation,
whereas it can be ignored for real-valued functions. Note that inner products on other function spaces can be
defined in a similar way in Section 5.

Applying Equation (17) in Definition 1.1 and Proposition 1.2 implies that any spherical function f € ¥ (Sz, C)
is equal to an infinite number of linear combination of spherical harmonics as:

00 1
f = Z Z flelm’ (34)
1=0 m=-1
and the coefficient f},, is computed as
fim = (Yims f)n;f(gz’c) . (35)

An infinite dimensional numeric vector [foo, f1,-1, f10, f11, - - ] T, which is called the coefficient vector of f, represents

continuously defined f without loss of information. However, we can take the projection of f on spherical

Tof

(Imax + )2 =0 (lrznax) entries. It can also be understood as a smoothed data of f up to the Ly,,-th frequency band.
We observe that spherical harmonics satisfy the following identities, which will be used later.

harmonics up to | = Ly, by Definition 1.3 so that store it into a finite numeric vector [foo - f)

e |

Proposition 2.2: Spherical harmonics identities

Y = (1™ Y (36)
Yim (&) = (=1)*™ Yy (=) (37)

2.1.1  Zonal harmonics. There is an important subset of spherical harmonics, which is useful for spherical

functions with some symmetry. When a global frame F 4 is fixed, a spherical function f € ¥ (Sz K) (K=RorC)

is called to be azimuthally (axially) symmetric if f (ﬁgg (@) (Z)) =f(®)foranya e Rand o € $2. Note that such

a function can be simply written as f (), a function of the single zenith angle 6. Note that the two formulations
of an azimuthally symmetric function about 6 € [0, 7] and & € S?, respectively, are interchangeable using the
following relation.

f(® =f(cos71z,-d), (38a) f (@) = f (dsph (6,¢)), with any choice of ¢ € R. (38b)
~—— ——
domain [0,7] domain §2

Spherical harmonics Y}y with zero degrees (m = 0) is called Zonal harmonics, and the set of Zonal harmonics is
a basis of the space of azimuthally symmetric spherical functions. In other words, Yy has azimuthal symmetry,

and conversely any function f € ¥ (SZ, C) can be represented as f = };° fjoYjo. Note that in contrast to SH Y,
for m # 0, Zonal harmonics basis Y}y always has real values so that fj; is also real for any real-valued function

fe T(SZ,R).

2.2 Linear Operators in Spherical Harmonics

First, let’s investigate the desirable properties of linear operators on spherical functions.
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Definition 2.3: Linear operators and kernels

Suppose there is a function K € & (SZ x §2, K), where K = R or C. The linear operator with the kernel K,
denoted by K¢ € L (7’" (SZ, K) JF (Sz, K)) is defined as follows:

Vfe T (SK). Krlfl @)= [ K (@00 f (@) dox (59)

If a linear operator K& was given first, a function K satisfying the above equation is called the operator
kernel (or simply kernel) of the operator K.

Here, we slightly abuse the notation of the symbol #. While on the first page ¥ (X, Y) is defined as the set of
functions from X to Y for given sets X and Y, in Definition 2.3 K# denotes a functional version of the given K.
Note that we will define such functional versions of a given quantity in different ways depending on the type of
the given quantity. While such different ways will share the notation of the subscript ¥ in this paper, they will
be clearly distinguished in context.

In Section 2.2, we usually call the operator kernels simply kernels, but in later sections, we often refer to them
as operator kernel to distinguish them from convolution kernels which will be introduced in Section 2.6.

As a special case of Proposition 19, spherical harmonics provide frequency-domain formulations of spherical
functions and linear operators on these spherical functions.

In the context of computer graphics, while a spherical function can be radiance as a function of directions,
including an environment map, a linear operator on spherical functions can be a light interaction effect.

One of the simplest cases of it is surface reflection determined by a bidirectional reflectance distribution
function (BRDF). Assuming we have a BRDF p: §2 x §* — R, its surface reflection can be considered as a

linear operator p;;. el (77 (gz, C) ,F (Sz, C)) which maps incident radiance to outgoing radiance through the

rendering equation as follows:
o (L] @) = 1 = [ p(01.60) I+ 0117 (01) o, (40)
§

where the superscript L denotes cosine-weighted.” Not only reflection due to a BRDF, other light interaction
effects, including self-shadowing and self-transfer, can also be described as linear operators in similar ways by
replacing p (d;, @) A - ;] to other functions.

Once we have a linear operator p;., we can convert both the operator itself and the evaluation of the operator
on a spherical function into frequency domain formulation using spherical harmonics. First, the coefficient of pji
with respect to (leomo’ Y'limi) or the (Ip, mo) — (I;, m;)-th coefficient of p;; with respect to SH is defined as:

pl(,mo,lim,— = <Yloﬂln9/)J7:~ [Ylimi]>7,-~ (41)

Considering each pair of indices (I, m) € Isyg to be linearly enumerated, Equation (41) converts the linear operator
pz into a (either finite or infinite) numeric matrix with the elements pj,m,,m, in the (o, m,)-th row and the
(I;, m;)-th column, called the coefficient matrix of p;.

In the case of the operator p;, it has a kernel. Then, the coefficient can also evaluated from the kernel as
follows.

plomwlimi = '/2 &2 Yl:mo ((;‘\)O)pl (Cbbd)o) Ylim,- (d)l) d(;‘\)ldd)o (42)
S2xS

"Note that in our main paper, we assume that the notation p denotes a cosine-weighted BRDF for the sake of simplicity
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Then the rendering equation in Equation (40) is reformulated as the following by Equation (19):

L?ourtno = Z plomo,limiLil?mi, (43)

(li;m;) €lsy

where Ll{,i:’ou” = <Ylm, L{i“’out}> denotes the (I, m)-th SH coefficient of incident and outgoing radiance, respec-
tively.

Note that the above equation can be considered as a matrix multiplication with the integer pairs (I, m,)
as rows and the integer pairs (I;, m;) as columns. Figure 4 illustrates a coefficient matrix of a linear operator
(Equation (41)) and how its action on a spherical function (Equation (43)) can be converted into a matrix-vector
product in the SH coefficient domain. Note that the special case of the given linear operator in Figure 4, including
its sparsity, will be explained in the next subsection.

Taking finite coefficients up to orders I < I,y the SH coefficient matrix of a linear operator consists of
(Imax + 1)* = O (I;ax) in general, since it consists of (Iyay + 1)* rows and columns.

Encoding linear operators into coefficient matrices as described in this subsection follows directly from the
general theory described in Section 1.4, so it can be applied in a similar way to other types of basis in a similar
way. However, the strengths of SH appear when investigating sparsity and analytic formulations for coefficient
matrices of special kinds of linear operators. In the next subsections, except for Section 2.4, we will investigate
coefficient matrices of the functional version of rotation transforms (Section 2.3), operators with azimuthal
symmetry (isotropic BRDF, Section 2.5) and rotation equivariance (Section 2.6), and the functional version of
the reflection operation which flips a direction vector to its antipodal direction (Section 2.7). Note that the main
theoretical purpose of this paper is to extend the desirable properties found in these subsections to the domain of
a novel basis introduced in Section 5 taking Mueller calculus (Section 3) into account.

Application in precomputation-based rendering. When the SH coefficient vector of L™ and the SH
coefficient matrix of p; have been precomputed, environment map lighting can be computed efficiently as a
matrix-vector product in runtime [Ramamoorthi and Hanrahan 2001a]. In the precomputed radiance transfer (PRT)
methods, the coefficient matrix, which is also called the radiance transfer matrix, can contain further light transport
effects, such as self-shadowing and inter-reflection, by replacing p (®;, ®,) in precomputation time [Sloan et al.
2002]. In particular, self-shadowing can be achieved by replacing p (&;, &) With p (d;, @) V (04, &), Where V is
the binary visibility function.

2.3 Rotation of Spherical Harmonics

One of the most important properties of spherical harmonics, which is not satisfied by another basis, such as
spherical wavelets and spherical Gaussian, is rotation invariance. We first formulate how a rotation transform
can act on functions, not only individual vectors, and then investigate the rotation of spherical harmonics.

> —> > -
First of all, given a rotation transform R € SO (3), which is a function from R? onto R? (restricted to a function
from S? to S?), we naturally define a rotation of functions, denoted by R, as follows:

Ry 7—*(@2, c) N f(sz,c), Ry [f]1(®) =f(13-lc:>), (44)
where this rotation on functions is also described in Figure 3 (a), and ﬁr,r can also be considered as functions on
real-valued functions, i.e., I_é(,r cF (SZ R) - F (Sz R).

We observe that Equation (44) is linear about f, so ﬁf is a linear operator on the space of spherical functions

F (SZ,C). Then, we can formulate the rotation invariance of spherical harmonics in the same manner as

Definition 1.7. Using (iv) in Proposition 1.8, we can formulate the invariance property as follows:
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(a) Rotation of scalar fields (b) Rotation of Stokes vector fields

Rz [f]

(@) = Frlfl@)

Fig. 3. Given a rotation transform Re SO (3), (a) a rotation of a spherical function f : §25R by R can be naturally defined
by considering functions as textured spherical objects, which yields Equation (44). (b) In later Section 4.5, (b) We can similarly
define a rotation of a Stokes vector field f: §2 > S, by considering it as a spherical object attached with two-sided arrows
on their surface points, which is represented by Equation (97). To distinguish from the original rotation transform R, which is
defined as a function from single vectors to single vectors, we denote the induced rotation from functions to functions by ﬁ¢.

Wigner D-function D}, (ﬁ) Rotating coefficients using D!, (13)
A Rotate ~ PN
f(®) (continuous) 9(&) = f(RD)
Fig. 3, Eq. (41)
S
2 SH projection SH projection
i
E
Rotate
[fOO e fll] (discrete) [900 e 'gll]
Fig. 5, Eq. (44)

Fig. 4. Visualization of the Wigner D-function of given such R and rotating Fig.5. Theillustrative description of rotation

the SH coefficients. Note that the elements of the Wigner D-function are invariance in spherical harmonics The upper
complex numbers. Thus, we visualize the matrix element by its magnitude. path in the figure (rotate — SH projection)
The matrix values are 0 when I # [’ (block-diagonal behavior) due to should be identical to the bottom path in this
the Kronecker delta term, which yields the rotation invariance. The SH figure (SH projection — rotate). For rotating
coefficients are rotated by simply multiplying the corresponding Wigner the discrete SH coefficients.

D-function as a coefficient matrix to the original SH coefficients without
loss of information.

Proposition 2.4: Rotation invariance of spherical harmonics

Spherical harmonics {Y},,, | (I, m) € Isy}, a basis of ¥ (SZ C), is invariant under a linear operator ﬁ«;—“ for

> —
any rotation R € SO (3) with a partition of index set {ISHJ ={(I''m)eLy |l = l}}. In other words, the
coefficient of the linear operator }-é(]-" with respect to spherical harmonics can be written as:

Y, R Y,m,>
(Yom R D1

= h . 4
&9 0, whenever! # [ (45)
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Proof: We will not cover a symbolic integration-based proof here, but there is a simple way to understand
this invariance in a few steps. First, each SH function is an eigenfunction of the Laplace-Beltrami operator
on §2 corresponding to an eigenvalue —/ (I + 1), which does not depend on m. Then the subspace of
spherical functions spanned by {Y;,,, | m € Z with |m| < I} for fixed [ is a degenerated eigenspace. Since
the Laplace-Beltrami operator commutes with any rotation, the eigenspace is invariant under rotation. 0O

For the actual computation of rotation in the SH coefficient space, we need to know the non-zeros inner
product value in the left-hand side of Equation (45) in the case of [ = I’. This is an important special function
called a Wigner D-function®, which is also common in mathematics and physics. It is defined as follows:

Definition 2.5: Wigner D-function

For indices [, m,m’ € Z with |m| < l and |m’| < I, Wigner D-function Dfnm, . 50 (3) — C s defined as
follows:

D} (13) = <Ylm: ﬁsf[Ysz]> (46)

F(&c)

Combining Equations (45) and (46) with the Kronecker delta notation, the coefficient of a rotation transform
with respect to SH can be generally rewritten as follows:

(S Dl

©0) = 511/D£nm, (}_é) . (47)

The coefficient matrix of Equation (47) for a particular rotation transform is shown in Figure 4. The rotation
invariance of SH also appears as the block diagonal constraint on the coefficient matrix, as shown in the figure.
This property also implies that we can commute the SH projection of a function and a rotation without loss
of information. If one wants to obtain the SH coefficients of a function g = I_é¢ [f], the discrete computation
between Wigner D-functions and the SH coefficients of f gives the exact same result. This process is also
illustrated in Figure 5. Note that for finite coefficients up to I < l,ax, the block diagonal sparsity produces at most
(Imax + 1) (2lpax + 1) (2lpax +3) /3 =0 (13 nonzero elements.

max )

2.3.1 Properties of Wigner D-functions. Following the definition, exact formulae for the first few Wigner
D-functions are obtained as following equations using ZYZ Euler angle parameterization Dfn o (@ By) =

Dt (Rz*g dg2, (. B, y)).

D, (& B.y) =
m m =1 m =0 m = -1
Dy (@ fp) = 1 1 Hpletem  —fsinpele Pleian (a)
0 \/LE sin ’Be_l}’ COSﬁ _LZ sinﬂe”’
1 lfczosﬁei(a_y) ‘/LE sin ﬁeia wei(“ﬂ/)

8 Alternatively, it is known as Wigner D-matrix in other literature. Terminology matrix comes from viewing m and m’ in Dinm, as row and
column indices of a matrix.
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As seen in examples of Wigner D-functions in the above, ¢ and y dependencies of them can be separated as
the following equation.
—ima gl —im’
D, (a,By) =e Ay (B) 7Y (49)
It can be directly derived from the integral (inner product) in Equation (46) by separating 6 and ¢ dependencies of
SH using Equation (31a). Note that the remaining § dependency, denoted by dfnm, (p), is called a Wigner (small)

d-function, but we do not need such complicated recurrence relations for it.
Additionally, note the following identities for Wigner D-functions.

Proposition 2.6: Wigner D-function indentities

(1) Dl , (f) = Sy, Where T € S0 (3) denotes the identity rotation.

@ %! F_,Dfmmz (R) Do (Rz) = Doy, (Rir)

(3 2ot Dby, (R) Doy (R) = 8,

(4) D, (R') = DL, (ﬁ)*

5) DL,y e (R) = ()™ DL, (R)

(©) Dhy (Reyuyzy (8.0.9)) = JHEY;, (6.0) = ()™ Y, (6.9)

(7) {DL,_, | Im|,|m’| <1} is an orthogonal basis on (so (3), c), especially:

1 1 1 S\* >\ = 81
D , D? ,> — = D} ,(R) D* ,(R)dR:— - 50
< OLIUZL N ) 7(50(3),C) ‘/S_>O(3) mym} mym,, zll+l511125m1m25m1m2 (50)

Proof: (1)—(4): Straightforward from Proposition 1.5 (1)—(3) and (5), respectively.
®):

DLy (R) ; (Vm B [Yom]) = (0" o B [-D™ ¥y ) = O™ (%, R [¥5])

T
Eq. (36)
Here, we observe <Yl’;n,l_égc [Y;:n,]> = <Yljn’ (I_éf[Ylmz]) > = <1ﬁm,§¢[iﬁmz]> . Now, we finally get the
given equation.

(6) and (7): We refer to a book [Edmonds 1996]. Note that Equations (2.5.17) on p.23 and (2.5.29) on p.24 in
the textbook provide an equivalent definition of SH to ours in Proposition 2.1. Equation (4.1.10) on p.55 in
the book also provides the equivalent definition of Wigner D-functions to ours in Definition 2.5. Then, we
can find that our propositions (6) and (7) are shown in Equations (4.1.25) on p.59 and (4.6.1) on p.62 in the
book, respectively. ]

2.4 Complex and Real Spherical Harmonics

Spherical harmonics defined in Equation (31a) are complex functions spaning complex-valued functions ¥ (SZ C)

with complex coefficients. However, radiometric intensity in the real world only consists of real numbers, so real
spherical harmonics, defined as follows, sometimes makes computational efficiency.
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Definition 2.7: Real spherical harmonics

Cc _ 1 C C
VERY( = 3 (Y6, + (D" ¥E,)  m>o

T =g m=0. (51)
C _ i C C
\/ESYl|m| - \/LE ((_l)m Ylm - Yl,—m) m <0

Here, Ylfn is just equal to Y, defined in Equation (31a), and we will sometimes call it complex spherical
harmonics when we need to distinguish them from real ones. Note that the real spherical harmonics are also an
orthonormal basis for spherical functions and have rotation invariance, but they always produce real-valued
functions whenever real coefficients are given. Due to the efficiency of representing real-valued functions, most
of the existing computer graphics works have used real spherical harmonics, and we also use it for some parts
of polarization. However, we should know both real and complex spherical harmonics since spin-2 spherical
harmonics, which will be introduced in a later section, are related to the complex ones.

The relation between complex and real spherical harmonics can be rewritten shortly by introducing a symbol
MSR defined as:

mymg;

Mat [M5, R | my,my = +|m|, - |m|] =

i[l (-n)™
V2 |-i (D™

, M&%R =1,and Mgfmﬂg = 0 if |my| # |mg|. Similarly, a symbol M,}flfmcz is defined as follows:

] ,for |m| #0, (52)

1 1 i

R—C — _ [

Mat [Mmlmz | my,my; =+ |m| 5 |m|] \/5 [(_l)m _ (_1)ml

Note that Equations (52) and (53) are unitary matrices which are the inverse of each other, and it can be written
as:

], for |m| # 0. (53)

MESC = (MGOR) L N MEEMGE = S (54)
m’'e{+m}
Here, we are using the summation symbol with 3, c(.,,; rather than much common },,_.,, to clarify
Ymeqxoy f (m’) = f(0) rather than f (0) + f (0). Now Equation (51) can be rewritten as follows:

R _ C—R~C C _ R—CvyR
B Y MGRE. - Y ey

mm’ “Im’’ mm’ “lm’*
m’'e{xm} m’'e{xm}

(55)

On the other hand, converting coefficients of a spherical function with respect to complex real SH requires an
extra complex conjugation. Suppose that f € ¥ (SZ, C) is a spherical function, and fﬁn and fffn are coefficients of

f with respect to Ylfn and Yllfn , respectively. The following relation is obtained by the definition of SH coefficients
and Equation (55):
R c—R\" cC c R—C\" ¢R
flm = Z (Mmm’ ) flm” flm = Z (Mmm’ ) flm" (56)
m’'e{+m} m’e{+m}

Complex and real SH coefficients for linear operators. Similarly, we can also obtain the relation between
the coefficients of a linear operator with respect to complex and real SH. Denoting a linear operator on spherical
functions by T : £ (7—' (SZ C) S F (SZ C)) its (l,, my) — (I;, m;)-th complex and real SH coefficients by T¢

lomo,lim;
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and Tf . 1.m.» Tespectively, the following holds.

R R R _ C—RvyC C—RvyC
Tlc,mu,l,-m,- - <Ylom0’ T [Ylimi]> - < Z Mmom Ylom’ T Z Mmim’ Ylim’
me{xm,} m’€{£m;} (57)

*
C—R C—RTC
(Mmom ) Mmim’Tlom,l,-m’ .
me{+tm,} m' €{+m;}

Conversely, the following also holds.

c _ R—C\" 3 fR—CTR
im = O D (Mmom) MECTR (58)

me{xm,} m’e{xm;}

Real Wigner-D functions. Similar to Equation (9) in the main paper and Definition 2.5 in this document, we
can also define rotation transform for real spherical harmonics, which we call real Wigner-D functions, as follows:

DR (R) = (YR, R [Y2,]). (59)

Relation between real and complex Wigner-D functions is just a special case of Equations (57) and (58) is found
by the relation between real and complex SH.

mme mem,,

LR (B _ c—R\* 1 CoRALC (7
D) TS (e e )
mee{xm} m.e{xm’}

e () _ R—C\" y\RoCHLR (B
Dmm’ (R) = Z Z (Mmmr ) Mm’m’rDmrm/r (R) :

mye{xm} m,e{+m’}

(60)

Using this result, the relation between real Wigner-D functions and real SH (real SH version of Proposition 2.6
(6)) comes from the relation between complex ones:

- ¥ 1LC D 4r — * C,*
(MS®) DA, (Reyuye. (2 i) = Ty (MSR) Y (.

mee{+m} mee{xm}
4T R T _n
—Y> L) =4 —Y; La) .

Voi+1im (p.a) Vzl+1’m(ﬂa)

2.5 Azimuthally Symmetric Operators (Isotropic BRDFs)

IR (3
Dm}g (Rzgygzz (a, B, )’))

(61)

While a general linear operator can be represented by its SH coefficients, it requires too many numbers, (Ipay + 1)*
for the maximum order .y, of coefficients. Several symmetry conditions for such an operator yield linear
constraints on its SH coefficients, so we obtain much fewer degrees of freedom for the coefficients.

One of the common constraints of linear operators on spherical functions is azimuthal symmetry. It is defined
as follows.
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Definition 2.8: Azimuthally symmetric operators

Suppose that a global frame I_sg = [29 1y ‘Z'g] is fixed. Then a linear operator

K: L (‘T (Sz, C) N (gz’ C)) on scalar fields is called to be azimuthally symmetric if it commutes with
any rotation along Z,, i.e.:

Rs, ()5 [K[f]] =K [1329 (a)¢[f]] , VaeR Vfe T(SZ,C) : (62)

When the given linear operator indicates surface interaction due to a BRDF in the rendering context, then
this constraint is equivalent to the isotropy of BRDF. Suppose that the operator K has a kernel k : §2x§ >,
(again, cosine-weighted BRDF in a rendering context), then the azimuthal symmetry defined in Definition 2.8 is
equivalent to the following condition:

k (5 o) = k (ﬁig (@) o, s, (@) w) Va€R, Voo, € §. (63)

In the spherical coordinates, using the relation I_éég(f)sph (0,4) = dspn (6, ¢ + ) and substituting a = —¢; the above
equation can be rewritten in more familiar form in computer graphics as

k (91', ¢i, 90, ¢o) = k (91', 0, 90, ¢o - ¢l) . (64)

Now, we investigate how the symmetry condition makes a linear constraint on SH coefficients.

Proposition 2.9: Coefficients of azimuthally symmetric operators (isotropic BRDFs)

Suppose that K: £ (7’~ (SZ, C),?"(SZ,C)) is an azimuthally symmetric operator and K m, 1,m, =

<Ylomo’ K [Yl,-m,-]> denotes the (I,, m,) — (I;, m;)-th coefficient of K with respect to complex SH. Then the
coefficient vanishes whenever m; # m,, so that it can be denoted by a coefficient K;_j,,,, with three indices
such that:

Klomo,l,-mi = Smum,-Klolim- (65)

Proof: Start from Equation (62). First, the equation holds for any function f so that it can be rewritten
as an equality of two operators. Then, taking (1,, m,) — (I;, m;)-th SH coefficients for both hand sides of
them followed by applying Proposition 1.5 (2) yields:

(Yimos Be, (00 [Yim] ) (Yins K [Yim 1) = D (Vigmys K [Yim]) (Vi Re, ()5 [Yim ]

(Im) €lsy (Lm)€lsu (66)
= Z 8,10k (ﬁzg (9)) Kimim; = Z Kiy molmOu1; Dl (ﬁzg (9)) :
(l,m)EISH (l,m)EISH
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From definition of Wigner D-functions in Equation (46) we easily get Dfn - (ﬁg (6)) = Spmye” M0 Using

it makes the above equation as follows:

—imy — im0
Z 5lolfsmume Hile Klml,-ml- = Z 5lli5mm,-e i Klomolms
(l,m)EISH (l,m)EISH
= e ™K} ot = € Ky ot (67)
= (ef"m"a = e’imug) Ky, my1;m; = 0.

Here, we observe that K;_,_;,.», should be zero for m; # m, to make the above equation hold for all 8. O

Note that this property is used in Ramamoorthi and Hanrahan [2001b]. From the sparsity in Equation (65), the fi-
nite SH coefficient matrix of an azimuthally symmetric operator up to l;, [, < Lyax has (nax + 1) (ZIIZnaX + 4lpnax + 3) /3
= O (I2,,x) nonzero elements.

Real-SH coefficients satisfy slightly different constraints, but their constraints also have the same degree of
freedom as complex ones.

Proposition 2.10: Real-SH coefficients of azimuthally symmetric operators

Suppose that K: L (7: (§2 C),T(SZ, C)) is an azimuthally symmetric operator and K =

lomol,-mi
<YlRm ,K YIRm]> denotes the (l,,m,) — (I, m;)-th coefficient of K with respect to real SH. Then, the

coefficient satisfies the following constraints for m # 0.

imolimi =0 whenever |m,| # |m;, (68)

R _ R R _ R
Klom,lim - Kln,—m,li,—m’ and Klom,l,-,—m - _Klo,—m,lim' (69)
Proof: Since Kﬁ mlm’ is a linear combination of Ki el e (four combinations of + signs), where Krcnm, is
the (,, m)—(l;, m”)-th coefficient of K with respect to complex SH, we get Equation (68) from Proposition 2.9.
Then we only have to check constraints on Ky, 1, +m (four combinations). Note that Kf 0o = K? 0.0°

we should only care about cases of m # 0. Without loss of generality, suppose that m > 0. Rewriting
Equation (57) in a matrix product with the constraint in Proposition 2.9, we get:

R R C—R C—R 1* [KE R—C R—C *
Kl Am,li+m Kl Amli,—-m| _ M+m,+m M+m,—m Klo,+m,l,~,+m 0 M+m,+m M+m,—m
K}é) 3:4 - MC—>R MC—>R 0 KC MR—)C MR—>C

lo,—m,l;,+m lo,+m,l;,—m —m,tm —-m,—m lo,—m,l;,—m —m,tm —-m,—m

= 111 (_1)m Ki,+m,l,-,+m 0 1 —i
T2li —(-1)™i 0 KIC S I (G VA C Vi
C C . C C
_ l KIo,+m,li,+m ar KIO,—m,li,—m = (KIO,+m,li,+m - Klo,—m,li,—m)
2 |; (k€ _xC C C
L (Klo,+m,li,+m Klo,—m,li,—m) Klo,+m,l,~,+m + Klo,—m,li,—m
The right-hand side implies Equation (69). ]
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2.6 Spherical Convolution

2.6.1 Senses to define convolution. Before investigating spherical convolution, let’s review about convolution
on planar (Euclidean) domains, R”. First, the convolution of two functions k and f € ¥ (R%,K) (K = R or
C) is defined by k = f (x) = fR" k (x —x") f (x) dx’. While it is a binary operation of functions in ¥ (R",C)
into the same function space ¥ (R”, C) yet, this property no more holds for spherical domains. To extend the
definition of convolution to spherical domains, consider a linear operator K € L (¥ (R",C),F (R",C)) defined
by K [f] = k # f. Then we observe an important property that K is a translation equivariant linear operator, i.e.,
it commutes an arbitrary translation. Conversely, if a translation equivariant linear operator K is given first, then
there exists some function k € ¥ (R”?,C) such that K [f] = k * f under the assumption of the existence of an
operator kernel of K.

2.6.2 Spherical convolution. Spherical convolution is defined as a binary operation of an azimuthally symmetric
spherical function k : [0, 7] — R and a spherical function f € (Sz, R) that does not need to have any symmetry.

Note that azimuthal symmetry of spherical functions, not operators, is discussed in Section 2.1.1.

Definition 2.11: Spherical convolution

kand f e ¥ (Sz K) (K =R or C) are spherical functions. Suppose that k has azimuthal symmetry. Then

spherical convolution of k and f is defined as follows:
k+f(o)= / k(cos™ @) f(&)dd. (70)
N

In this operation, k is called the convolution kernel.

Due to the azimuthal symmetry of k, Equation (70) can be rewritten in several forms using the following
property:

k(cos™ & &) =k (E,baig@') —k (ﬁd),%@) : (71)

Proof: Recall that the inner product is preserved under rotation, as written in Equation (10). Then we get
k(cos™'d- &) Tk (cos_1 (ﬁd)_)fgd)) . (ﬁd,_ﬁga‘)’)) =k (cos_1 Zg- (ﬁ@_,ggd)/))
Eq. (10)
=k (Roz,')
Eq. (382)

Then the remaining term can also be obtained in the same way. ]

where in the first term, k is written as a function of a single real value of zenith angle, and in the second and

- — - ~
third terms, R, ; denotes any rotation in SO (3) such that R, ,;d@ = b. Note that the second and third terms
are well-defined independent of choices of such rotations due to the symmetry of k. Note that we can rewrite
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Equation (70) in two other forms as follows:
kof = [ 56 B k140, 72
ke f @)= (Reyor [K1.£). (73)

F
While Equation (72) views the convolution as a linear combination of rotated kernel, Equation (73) views a single
point at the operation result as an inner product of the kernel k and the operand function f. When approximating
such integral operations on a discrete point set of the domain §2, we can consider each function k and f as
numeric vectors whose indices indicate each point on §2, and the convolution operation can be considered as
a matrix related to k. Then Equation (72) can be considered as a linear combination of column vectors of the
matrix of k, while Equation (73) does as the inner product of a row vector the matrix of k and the vector of
f. We call these views column view of convolution and row view of convolution, respectively. While in scalar
spherical convolution, the format of the kernel k in the two views seem straightforwardly equivalent, excepting
just complex conjugation, in polarized spherical convolution, which will be introduced in a later section, the
kernel will be defined slightly differently depending on each view. In that section, we will focus on the column
view in Equation (72), which is related to the view of convolution as a linear operator, which will be introduced
Now.

Rather than viewing the convolution as a binary operation on spherical functions, it can be considered as a
special case of linear operation on spherical functions with fixing the kernel. The following key property of
spherical convolution as a linear operator explains why spherical convolution is defined in the above way.

Proposition 2.12: Spherical convolution and rotation equivariance

Suppose that a linear operator K¢ € L (7: (Sz K) L F (SZ K)) on spherical functions is rotation equivari-
ant,i.e., K¢ [}_é(;: [f]] = Ry [K# [f]] forany f € F (SZ K) and has an operator kernel K € F (Sz x §2, K)

Then the linear operator K is characterized by a spherical convolution with a function k : [0, 7] — K,
ie., T [f] = k = f. Here, the kernel is obtained as:

k(0) = K (6,0 forany &,0" € §? with & - &' = cos 6. (74)

Moreover,
k=Kg[5(d,2)]. (75)

Conversely, convolution k * f is rotation equivariant for f.

Proof: For any function f,

Kr(f1 (0 = [ K(no0) £ (6o = [ k(0)f (00)di, 6

where cos 0 = @; - @,. Then it is equivalent to Definition 2.11.
For Equation (75),

K [8012)] (@) = || K (50008 (00, 25) o = K (2. 00) = K (8. 77)

where @, = dgph (0o, d:). .
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Here, it is worth noting not to confuse the operator kernel and the convolution kernel. The rotation equivariant
linear operator K is characterized by the operator kernel K, and at the same time by the convolution kernel k,
where K (&, ") = k (cos™ & - &’) holds. When handling with rotation equivariant operators, some formulae
require distinction of the two types of kernels.

2.6.3 Convolution in spherical harmonics. As Fourier transform (both continuous and discrete versions) reduces
convolution into the simpler pointwise product in the Euclidean domain, spherical harmonics can reduce the
integral formula of spherical convolution in Equation (70) into the following formula for coefficient vectors,
which is almost an element-wise product.

Proposition 2.13: Spherical convolution theorem: convolution in SH coefficients

Denote SH coefficients of an azimuthally symmetric spherical function k € ¥ (Sz, K) by kjo and SH
coefficients of a spherical function f € 7 (Sz, K) by fim = (Yim, f)# Then, the SH coefficient of the

convolution k * f can be evaluated as follows:
4
Yimo k * f =4/ mkloflm' (78)

Proof: We refer to [Driscoll and Healy 1994]. O

Considering convolution with a fixed kernel as a linear operator, the above fact can be rewritten in terms of a
coefficient matrix.

Proposition 2.14: Spherical convolution theorem: linear operator form

A rotation equivariant linear operator K¢ € L (7: (gz, K) ,F (Sz, K)) is characterized by the convolution

kernel k € ¥ (SZ, K) Denote the SH coefficients of k by ko := (Yjo, k) & Then the SH coefficients of K,
denoted by Ky, 1, 1;m; = <Ylumo, K¢ [Ylimi] >¢, are evaluated as follows.

Y4
K . =07.1.0, A —kyp. 79
lomodimi = Oly1;0mom; [ T+ 10 (79)

. J

Imagine that the element-wise product of two vectors with a fixed left operand is equivalent to the matrix-vector
product with a diagonal matrix.

In Section 5.8 later, we will derive our polarized spherical convolution theorem using the new basis as a
generalization of Proposition 2.14.

2.7 Reflection operator in SH

In the context of rendering, we sometimes need a reflection operator which flips & € §2 with respect to a given
axis.
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We call a transform T : §2 — §? as the reflection operator along Z, if
T (Flonon0al”) = T (Flor on-0s]"), (50)

for any & = F (w1, wz, w3]T € §% € R3 and F € F such that F [:,3] = 2. Note that it is well-defined independent

of choice of the frame F. Note that it is self inversion and it acts on (Sz’ C) as a linear operator as follows:

Tr[f] (@) = f(T (@) = f (T (@), VfeF(Sc). (51)
Then, its SH coefficients can be obtained as follows:
Yo T Y1) = /S Y (6.0) Yirw (= 0,8) do> = S (<1 (82)
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3 BACKGROUND: POLARIZATION AND MUELLER CALCULUS

Here, we introduce the theoretical background of polarization in Mueller calculus. Section 3.1 gives brief in-
troduction for novice readers who are not familiar with Mueller calculus formulation. Section 3.2 provides a
reformulation of it in a more rigorous manner to construct a solid theory of our polarized SH in later sections.
Section 3.2 is aimed at dedicated readers who are familiar with rigorous mathematics. While Mueller calculus and
its formal definition using equivalence classes already exist, this section contains our novel usage of terminology

which distinguishes Stokes vectors and Stokes component vectors and notations [-] and [F.

3.1 Introduction to Mueller Calculus

To take polarization into account, several intensity-related quantities, including radiance and BSDF, should
be reformulated. The polarized intensity of rays is usually described by Jones calculus, which includes phase
information of electromagnetic waves, or Mueller calculus, which includes unpolarized intensity due to incoherent
light. Following recent works in computer graphics [Baek et al. 2018, 2020; Hwang et al. 2022] we focus on
Mueller calculus.

Suppose that there is a polarized ray and a local frame F = [% 7, 2], where Z is equal to the propagation
direction of the ray. Then the polarized intensity of the ray is characterized by the four Stokes parameters
s = [so, 1, S2, 33]T. Here, each component s, to s; indicates total intensity, linear polarization in horizontal/vertical
direction, linear polarization of diagonal/anti-diagonal direction, and circular polarization, respectively. We refer
interested readers to Collett [2005] for a more physical foundation of polarization and Mueller calculus.

While Stokes parameters have linearity so that Stokes parameters obtained under multiple incoherent light
sources are equal to the addition of Stokes parameters obtained under each individual source, they have an
important property that makes them different from scalars and even vectors.

When taking another local frame F = R: (9 F, obtained by rotating F by ¢ along its z axis, the Stokes
parameters with respect to the new frame F’ is evaluated as

1 0 0 0
0 cos28 sin28 0
0 -sin2d cos23 0
0 0 0 1

s'=Ci_ps= s. (83)

We can observe here that sy and s; behave as scalars, which are measured independent of local frames. On the
other hand, s; and s; are neither scalars nor coordinates of an ordinary vector, which must have § rather than
28 in Equation (83). This twice rotation property of s; and s, under coordinate conversion will be dealt with as
spin-2 functions in Section 5.1. Figure 6(a) visualizes it where the two-sided arrow in the left indicates the actual
oscillation direction of polarized ray and the right plot shows s; and s; values of it under a local frame. Figure 6(b)
also visualizes coordinate conversion of a fixed ray.

(a) Stokes vectors in geometric and numeric quantities (b) Coordinate conversion (c) Stokes vector rotation

Stokes components
S2

- 19 :’ S2 o ? S2
s = [S]i; § (- s 219 S’ '9 s
e 29,
1F $1 $1 $1
5= 5] q a
P F=RoF '

Fig. 6. (a) We distinguish a Stokes vector § as geometric quantities and its Stokes component vector s as numeric quantities.
(b) Under coordinates conversion, the Stokes component vectors rotate twice while the Stokes vector § does not change. (c)
We also define the rotation of the Stokes vector itself.

ght
Lmearpularlzedhl )

Frame i‘
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3.2 Formal Definitions of Mueller Calculus

Following Mojzik et al. [2016], the Stokes space and Stokes vectors can be formally defined using equivalence
classes. Here, we distinguish spin-2 Stokes vectors, which consists of s; and s, linear polarization components and
full Stokes vectors (or simply Stokes vectors) to build our polarized SH theory, which requires separating linear
operators (Mueller matrix or transforms) into spin-0 and spin-2 parts.

Definition 3.1: Spin-2 Stokes spaces

For any & € $2, the Spin-2 Stokes space with respect to &, denoted by Sfb is defined as follows.
8% = {[(sf?)] |seR2,f7€I§“fb} (84)

Here, [-]. denotes an an equivalence class with respect to a relation ~ on a pair of a numeric vector in R?
and a frame in ]Fz) defined as:

(s, F‘) ~ (t, é) ifand only if t = R, (-238)s, Vs,te R?, F‘ Ge I_F}i) (85)

where § is uniquely determined to satisfy G = FR, (8) up to +2n.

Note that our main paper writes as G-= 135 (9) I?‘, where zZ = f‘, to avoid introducing notations for numeric
rotations. These are equivalent due to a relationship discussed in Section 1.1. Now we introduce Stokes vectors,
which are geometric quantities, and Stokes components, which are numeric ones, and notations to convert them
to each other.

Definition 3.2: Spin-2 Stokes vectors and spin-2 Stokes component vectors

Using notations Definition 3.1, we denote [s]; = [(s 1?)] € SZ, which called a spin-2 Stokes vector of a
ray along &. s is called the spin-2 Stokes component vector of [s]y with respect to F. Conversely, for any

eS8z, [?]F is defined as some s’ € R* which satisfies 5 = [s'];. Note that it is well-defined, independent

of the choice of a frame®.

Now, full Stokes vectors can be defined similarly or just by taking the direct sum of scalars and spin-2 Stokes
vectors.

%0Our []; and [-1F notations are slightly inspired from a convention in Riemannian geometry, where coordinates o which depends on an
observer can be converted to an invariant quantity v’e; by attaching the subscripted quantity e;, which indicates a basis for the local tangent
space.
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Definition 3.3: (Full) Stokes spaces

For any & € $2, the full Stokes space (or Stokes space, simply) with respect to &, denoted by Sf:) (or Sp) is
defined by two ways, equivalently.

(1) St =ReS.oR
) Sg) = {[(s, ?)]N |seRLFe ]f;’i}, where (s, l?‘) ~ (t, é) ifand only if t = C;_gs.

Here, C;_, g is defined using ¢ such that G =FR, (9) as follows.

1 0 0 0
0 cos2d sin2d 0

Ceg = 0 —sin2d cos2d 0| {86)
0 1

0 0

Here, we sometimes denote the matrix in the right-hand side of Equation (86) as Ry., (—2), which indicates
embed R, into a 4 X 4 matrix (with index based on zero) at indices 1 and 2.

We also define the (entire) spin-2 Stokes space as S? = uéengf) and the (entire) Stokes space as S* = u(:)e@zS;f),
where LI indicates disjoint union!®. (Full) Stokes vectors, (full) Stokes components, and [-]; and [-]; notations
from Definition 3.2 can be redefined for full Stokes spaces similarly. Note that for §, := [[sl, sz]T]F € Sa?) and
51 = [ [s0, 51, 52, 33]T]1~, € S, we use notations for theirs relationship as s; = sy @ 5, @ s3 or 53 = (so, 52, 53).

We define operations on (spin-2) Stokes vectors, which are well-defined independent of the choice of a frame
Fe ]ﬁi below.

Definition 3.4: Stokes vector operations

ForSandt e Sogz’4},
(1) Li bination: ft beR, as+at = [“]§+ [?]F f FePF
near combpination: 1or any da, ,as+at .= |a|s a " or any o

(2) Inner product: (? Bs‘?"‘} = [?]F . [?]F (or denoted as simply (-, ) g, or explicitly (-, -) g, etc.)

(3) Rotation: for any R € 50 (3), Rs € £(S,S) is defined as RsS = [[?]F] .
RF
When Sand t € SS), the following is additionally defined.

(1) Complex scalar multiplication: for any z € C, z5 := [Rz (Z(C ([?]F))]

F

(2) Inner product over scalar C: (?, t sijc = C ([?]F) C ([;’] F) € C (or denoted simply (-, ) c)-

Here, C : R? — C and R? : C — R? denote the canonical conversions between R? and C. In addition, note that
we sometimes denotes [z]; = [[%z, SZ]T]? € sz[. . for a complex number z € C.

We observe that Sfb is an inner product space over R, while S(ZZ) can be handled as an inner product space over
both R or C. Two inner products satisfy the relationship described in Proposition 1.10.

19For readers who are not familiar to disjoint union, it can be just considered as union.
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(a) Valid (b) Valid (w/ frame convert) (c) Invalid

T T T4
Haaa BAa s ik

Fig. 7. Addition between two Stokes vectors s; and s2. (a) If two Stokes component vectors have the same frame, we can
perform addition directly. (b) If two Stokes component vectors have different frames but on the same Stokes space, addition
can be performed with frame conversion. (c) If two Stokes vectors belong to different Stokes spaces (different ray directions),
addition cannot be defined.

Not only just a vector space, linear operators (transforms) also have to be formulated in Mueller calculus.

Definition 3.5: Mueller transform space

The (full) Mueller space with respect to &; and &, € $?, denoted by be__)d) (or My, -, simply), and spin

2-to-2 Mueller space with respect to &; and &,, denoted by M2 , are defined as follows, equivalently.

(1) M{“} =L (Sg"l},SgA}), respectively.

(2) M({L)Zi)}w = {[(M, Fi,ﬁo)] | Me R{2X2’4X4},ﬁi € ]ﬁfb’ ﬁa E ﬂ:}i }, where (M, i::i, i::o) = (N, éi, éo)
if and only if
N = Rz( 219)MR2(219) fOI'Mw_m),
] , (87)
N = Cf-},—»éoM F , for Mw iy

where éi =FR, (&), éo =F,R, (9,), and C from Equation (86).

Similar to Stokes spaces, we can define the (entire) Mueller space as M{>*} = = Uy, woeSzM{Z 4}(;) in both senses
of spin-2 and full. As a full Stokes vector contains a spin-2 Stokes vector as its subpart af full Mueller transform
M e M?* contains a spin 2-to-2 Mueller transform as its subpart, which is denoted by M [1:2,1:2] € M?. Note

that separately taking a single index 1 or 2 for M is illegal since it yields a frame-dependent quantity. We also
define Mueller matrices, numeric quantities measured from Mueller transforms.

Definition 3.6: Mueller transforms and Mueller matrices

Using notations Definition 3.5, we denote [M]F-Hﬁ = [(M 1_51-, f‘o)] € Mizi}w , which called a Mueller

transform from a ray along &; to one along &,. M is called the Mueller matrix of [M]; _ 3 with respect to F;

L ﬁi"l?o
andF,. Conversely, for any Me Mi)zi}w [M] is defined as some M’ € R{2¥24x4} which satisfies
M= [M’]z 5 - Note that it is well-defined, independent of the choice of frames.
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Since a Mueller space is a space of linear maps, linear combination and product between two Mueller transforms
in the same space is naturally defined. For a rotation Re3O (3), R M L (M, M) is defined as:

I_éM [1\(71] = ﬁs]\?ﬁ_l, (88)

where the right-hand side consists of the product of Mueller transforms by considering Rs as a Mueller transform.
Also note that the coordinate conversion matrix for Stokes vectors can be rewritten as:
H] F-G

C: I

o=l (59)

where I indicates the identity Mueller transform.
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4 ANALYSIS ON STOKES VECTOR FIELDS
Sections 4.1 to 4.4 will provide descriptions for analysis on Stokes vector fields to help understand why naively
applying conventional scalar SH to rendering with polarized lights fails. It will support the fact that scalar
SH suffers from a singularity problem for Stokes vector fields, and the singularity problem violates rotation
invariance.

In addition, Sections 4.3 and 4.4 provide some formal techniques that will be used for the proofs in Section 5.

4.1 Preliminaries: Continuity of Scalar and Tangent Vector Fields

For better intuition, we first introduce scalar and tangent vector fields, which are simpler types than Stokes vector
fields. Observing the difference between Stokes vector fields and the simpler types of fields may help understand
the challenges of Stokes vector fields.

Scalar fields. Continuity of a (scalar-valued) spherical function, or scalar field, f: §2 — R or C is well defined
when considering S? as a smooth surface embedded in R3. However, it is often more convenient to test the
continuity of the spherical function written in spherical coordinates, f (6, ¢). The f : S — C is continuous if and
only if its spherical coordinates parameterization f (6, ¢)!! is continuous on [0, 7] X [0, 27r] and the following
conditions hold.

f0.01)=f(0,¢2), f(m¢)=f(m¢a), [(6,0)=f(6,21), V1,2 €[0,27] and VO € [0,7]. (90)

Analogously, the continuity of spherical stokes-valued functions can be tested in the [0, 7] X [0, 2;7] parameteri-
zation domain in the later section, but it has different constraints from the above.

Tangent vector fields. Before dealing with Stokes-value spherical functions such as Stokes vectors as a function
of propagation directions, we will first explain tangent vector fields on the sphere to show the analogy and
difference between them. R

A tangent vector field on the sphere f: §2 - U, ESZT(;,SZ is a function defined on the sphere §? of which each

value at & € §? takes value from f (&) € T,$%, where T,8? denotes the tangent plane of §2 at ¢ defined by
T,$2% = {vef&@ | c?)~0=0}.
As examples to help intuition of tangent vector fields, one can imagine a tangent vector field on the sphere as

a wind velocity map on the earth or the gradient vector field of an omnidirectional image obtained by a fish-eye
lens.

Representation under a coordinates system. Since a tangent vector field on the sphere takes a value from a
different tangent plane at each point o, representing the tangent vector field is more complicated than scalar
fields. One common way is to use frame fields. A frame field on §2, F (@), is defined as a function maps (almost
everywhere) each point @ € §? to a frame F (o) € ]ﬁi}, which has & as the third axis, i.e., F (&) [, 3] = @. Note
that frame fields are usually required to be continuous except at a zero-measure singularity (usually two points).
Then a tangent vector field f: $? — Upese T S? can be represented as:

F (@) =a(@)F (@) [-1]+b () F (o) [-2],

for some scalar-valued spherical functions a and b. A usual way to select the 8¢ frame field is introduced in
Equation (9), which is aligned to the spherical coordinates. Recall the formulae in more detail; it can be written

For rigorous mathematics we need another symbol rather than f, which is defined on the sphere, but we use the symbol for better intuition.
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as follows:

Fog (6.9) = |6.9.0].

) S
Seph) =F, [cos 0 cos p, cos O sin ¢, — sin Q]T, (91)

where 6 := normalize (
R S ION >
¢ = normalize (th) =F, [-sin ¢, cos ¢, 0]”

Here f‘g indicates the global (world) frame, and &y, indicates the spherical coordinate system specified by the
global frame 1_59 as defined by Equation (8).

Continuity of tangent vector fields. Unlike scalar fields, coordinate systems and frame fields raise disconti-
nuity, which does not contain the original structure of the sphere S?%, only testmg the continuity of a () and

b (®) is not enough to test the continuity of the vector field f The continuity of f is rewritten in terms of a and
b as follows:

a and b are continuous on S? — Sg»

Vo, €S; lim a(d)F (D) [11]+b(0) F (&) [2] converges.
W= W

where S C §2 denotes the set of singularities of the frame F. Note that every frame field has singularities
due to the Hairy ball theorem. For symbolic or numerical evaluation, the above must be reformulated into a
coordinate system, usually a spherical one. We observe that the simplest case to describe this constraint occurs
when singularities of the frame field are a subset of discontinuity of the coordinate system, for instance, 8 = 0 or
7 and ¢ = 0 or 27 for the spherical coordinates. In this context, we investigate continuity conditions of several
types of spherical functions in terms of spherical coordinates and 8¢ frame field.

While ﬁ‘gqg (&) at & = £z, is considered to be not defined, it is more useful to consider that ﬁ‘gqg (0 or 7, ) is
defined depending on ¢ by directly substituting 6 to Equation (91) as follows:

cosp —sing 0 —cos¢ —sing 0
F9¢ (0,¢) =F, |sing cos¢p O =F;R.,(4,0), Fogg(m,¢)=F;|—sing cos¢ 0 |=FR.y($ ).
0 0 1 0 0 -1

(92)
Denoting f := [a,b]” under 1_59¢, the tangent vector field f is continuous if and only if f (6, §) is continuous on
[0, 7] x [0, 2] and:

£(0,42) =Ro (=2 + 1) £(0,91), £ (m ¢2) =Ra (+¢2 —¢1) £ (m,$1), £(6,0) =£(0,27),
for any ¢4, ¢, € [0,27] and 0 € [0, 7], (93)

which has different conditions from scalar fields.

4.2 Continuity of Stokes Vector Fields

Stokes vector fields on the sphere. Now, we can consider applying the advantages of spherical harmonics on
spherical functions to polarized intensity. Then, we should first look into the spherical functions of Stokes vectors
(or Stokes vector fields on the sphere). Different from the case of scalar radiance, but similar to tangent vector
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(a) Source-to-material convention :(b) Material-to-source convention

$=0 ¢ =2m ¢=0 ¢=2n

Fig. 8. We can unwrap an image on a sphere into an equirectangular image in two ways depending on a spherical point in
the domain: (a) a ray propagation direction or (b) a light vector that points to a light source from a material (or observer). In
our main paper, Main. Figure 6 follows the convention in (a) since it describes the general properties of spherical functions.
The others Main Figures. 5, 4, 11, 16, and 18 follows the convention in (b) for better intuition since they describe environment
map images. Note that € and ¢ in our equations always indicate spherical coordinates of ray propagation directions so that
the top row of the equirectangular image in (b) indicates 8 = & while the one in (a) indicates 6 = 0.

fields, a Stokes vector field f eF (SZ, S(;,) 12 has also the challenge that it evaluates given directions ¢& € $2 into

values from different Stokes spaces f (&) €S,

Representation under a coordinates system. Similar to tangent vector fields, we can represent a Stokes
field into four components of scalar fields, but this cannot be done directly by applying local frames as linear
operators on vectors. We must use the Stokes component conversion defined in Definition 3.2. Then, we can
rewrite the Stokes vector field f as follows:

o F9¢ (@) T
F@] " =hep 09 £O6H KOO (94)
The continuity of f can be represented in terms of each component fy, - - -, f3, and it yields different constraints
at the singularities +2, from both scalar and tangent vector fields. By denoting f := [f;, £17,

£(0,02) =Rz (=2 (P2 — $1)) £(0,¢1), £ (m,¢2) =Ra (2(d2 — 1)) f (7, 1), £(6,0) =£(0,2n),
for any ¢y, ¢, € [0,27] and 0 € [0, ], (95)

while fy and f; components are conventional scalar fields. Note that the first two constraints of f; and f; appear
twice the components’ rotation. From such different conditions, representing a Stokes vector field using a
continuous scalar or tangent vector field yields a discontinuous Stokes vector field, which implies each type of
field should have different types of continuous basis functions.

4.3 Stokes Vector Fields Operations

To discuss bases for Stokes vector fields, we should define several operations on Stokes vector fields. It can be
done by generalizing scalar field operations in Section 2, based on Stokes vectors operations in Section 3. We
define the inner product and rotations of Stokes vector fields as follows.

o

12Rigorously, it should be written as { f: § - UpeseSa | Yo € §2, f (@) € Sc;,}. But we write as the main text for the sake of simplicity

and better intuition.
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Definition 4.1: Inner product of Stokes vector fields

For Stokes vector fields f §:S$% = Sy, the inner product of them is defined as follows.

(7)) = J(F@.50) a0 )

Definition 4.2: Rotation of Stokes vector fields

ForR € y) (3), it can acts as E(f" el (7" (Sz, S@) S F (SZ, SL;))), a linear operator on Stokes vector fields

as follows.

@[f] (&) = R [f(ﬁ—l(z))], Vi 8 5 S, (97)

o

Note that the inner product in Definition 4.1 is often written as simply < f, gH>T The rotation defined in
Definition 4.2 is illustrated in Figure 3(b).

4.4 Scalar SH to Stokes Vector Fields

Now, we will show two problems when using scalar SH to Stokes vectors: singularity and violation of rotation
invariance.

4.4.1 Singularity. We first focus on the continuity condition for Stokes vector fields. Concretely, we can try to
naively apply the scalar SH on each component f;...f5 of the Stokes vector field with respect to the 6¢-frame
field F9¢ (LD) as

Yim (©) 0
v (naive) 0 U (naive) 0
YlmO T 0 > Ylm3 T 0 ? (98)
0 Fg(ﬁ((b) Ylm (CL)) ?Hgb((b)
which is considered as a basis, where 0 < |m| < I. However, scalar SH satisfy
Yl (0, ) = const. # 0,
(99)

Yjo (7, ¢) = const. # 0,

and those conditions never satisfy the continuity condition of spin-2 functions in Equation (95). Thus, even if
a continuous Stokes vector field f is given, its finite projection on the basis in Equation (98) up to | < [,y is
always discontinuous at +Z,. This is a fundamentally different feature from how the scalar SH behaved on scalar
fields, which always converts finite coefficients to continuous functions and has a smoothing role.

4.4.2  Rotation invariance violation. The singularity issue of basis functions is not only the presence of singularity
itself but also the effects of the continuity of the basis function, which is a necessary condition for rotation
invariance.

Note that zﬁgfive)(d)) is discontinuous at & = *Z,. So when rotating it by R= I_éyy (%), then the rotated basis

Ry [YlEg‘f“) ] is discontinuous at & = +%,. Thus, when decomposing it into a linear combination of the original
basis Ylfrrf;ve), which is always continuous at & = +X,, the linear combination must be an infinite sum to make
such discontinuity since the finite sum of continuous functions is always continuous. Generally, it can be written
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as a coefficient matrix of the rotation as

v (naive) 3 v (naive) ’
(Vo) R | Viraie|) 0, for 121, (100)

where an inner product of two Stokes vector fields is defined in Definition 4.1

Recall that the rotation invariance of SH for scalar fields is represented as a block diagonal coefficient matrix
in Equation (45). However, Equation (100) implies that the elements of the coefficient matrix at [ # I’ are nonzero.
This means SH for the Stokes vector field does not yield a block diagonal and violates the rotation invariance. For
further validation related to rotation invariance, refer to Section 6.2 in the main paper.

4.5 Rotation Form of Stokes Vector Fields

Rather than unwrapping Stokes vector fields into spherical coordinates, the following formulation is sometimes
useful in deriving our theory.

Definition 4.3: Rotation form of Stokes vector fields

Given a global frame 1_59, for a spin-2 Stokes vector field f : §2 > 8, its rotation form f: S0 (3) = Cis

defined as follows. ~
f (13) = [f(ﬁﬁg)]RFg . (101)

Note that full Stokes vector fields can be similarly redefined as a function with codomain R* rather than C.
Note that the following property is converse.

Proposition 4.4: Stokes vector fields from rotation forms

A function f : 50 (3) — C can be a rotation form of a spin-2 Stokes vector field if and only if

f (ﬁﬁfg (w)) =g (13) . (102)

ﬁ
Note that it comes from the continuity condition of Stokes vector fields. For a function f : SO (3) — R*, the
condition to be equivalent to a full Stokes vector can be obtained by substituting e?¥ by the C;_ g matrix.

4.6  Mueller Transform Fields
Similar to Stokes vector fields, we can also define a Mueller transform field as a function M : §2 x §2 — Ma, =,
which satisfies M (0;, @o) € My, -6, -

We define the rotation of a Mueller transform field as follows.

Definition 4.5: Rotation of Mueller transform fields

For R € SO (3), it can acts as R} e/l (7—" (Sz x §2, M) ,F (SZ x §2, M)) a linear operator on Mueller

transform fields as follows.

Ry [A‘Z] (65 00) = B [AZ (E-lai,ﬁ-lao)] . V825 S (103)

Note that it can be understood as a pBRDF obtained by rotating the material in a rendering context.
Mueller transform fields are more discussed in later Section 5.5.
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5 POLARIZED SPHERICAL HARMONICS FOR STOKES VECTOR FIELD
5.1 Spin-weighted Spherical Harmonics

Note that our definition of spin-weighted functions and SWSH may take a slightly different formulation than
other literature, but still equivalent. We chose our formulation for convenience to derive our PSH theory.

Definition 5.1: Spin-weight s functions

Given a global frame F , f: 50 (3)(3) > C(or f: B - C) is called a spin-weight s function (or spin-s
function, simply) if:
- 9 = - o
f (RRgg (¢)) =V (R) forany R € SO (3),¥ € R. (104)

Equivalently, it can also be defined as f : $2 — Ugese (C X I_*:w) [~

(o) e (C X f‘w) /~, where (zl,f‘l) ~ (zz, f‘z) if and only ifi‘z = ERZ (¢) for some J and z; = e Yz,

The condition also can be represented as:

f (cosy& = sinyg, sin & + cos Y1), 2) = €™V f (£,7, %), (105)
by considering f as a function on 3. Note that the definition of spin-s functions does not depend on the choice
of global frame F,. An important property is that there is a natural correspondence between spin-2 functions
and Stokes-valued spherical functions by considering f (%, 7, Z) as s; + is; where s; and s; are linear Stokes
parameter for a ray along 2 with respect to the frame [%, §j, Z]. One also observes that spin-0 and spin-1 functions

are equivalent to the sphere’s scalar and tangent vector fields, respectively.
Taking equivalent but slightly different orders to derive SWSH, we define SWSH as follows.

Definition 5.2: Spin-weighted spherical harmonics

The spin-weighted spherical harmonics with spin s, order I/, and degree m is a spin-s function defined as

follows:
Yim (13) = (-1)° \/214—;1D’,;;_3 (ﬁ) . (106)

Note that due to Proposition 2.6(6), SWSH becomes an orthonormal basis for spin-s functions, with a differential

measure on $2 following the definition through equivalence classes described in Definition 5.1.

Proposition 5.3: Spin-2 spherical harmonics in Stokes vector fields

it becomes the well defined orthonormal

5o

9

Defining a spin-2 Stokes vector field 171,,1 (@) = [2 Yim (I_é)]

basis for Stokes vectors fields, over scalar C.

See also the rotation form of Stokes vectors fields discussed in Definition 4.3 and Proposition 4.4. Then a
representation under the 0¢ frame field Fgg, which is introduced in the main paper, is defined as follows:

]mw,m

2Yim (0.9) = |¥im (6.9) (107)
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Note that our main paper introduces the function in Equation (107) first and then derives the formulation in
Proposition 5.3 later to start from numerically measurable quantity, which is regarded more practical.

5.2 Converting Between R? and C

we defines symbols to convert C and R? or R?%2,

C(x
y

]) =x+yieC, (108)

R? (x +yi) = [; e R, (109)
2%2 N |[X 7Y 2%2
R (x +yi) = [y . ] € R**°, (110)
Then we get:
R? (z1)T RP? (2) -+ RP? (1) R? (20) = R (21,22 - Zp)o = R (ziz2- - zn) - (111)

Complex pair separation. We observe that Equations (108) and (109) are the inverses of each other, but the
function in Equation (110) has not the inverse since it is not surjective. However, we found that any 2 X 2 real

mir My

matrix M = can be represented by two complex numbers as follows:

ma1 My

M = R?? (Ciso (M)) +R?? (Ceonj (M)) ],
my1 + ma2 + myy — mlzi

where Cjs, (M) := 5 5 ,
- +
Ceonj (M) = mi . M2, Ma . My i (112)
1 0
Ji= [0 —1] :

We call Cj5, (M) and Ceopnj (M) the isomorphic part and the conjugation part of M, respectively.
The matrix J acts on all right complex representations as complex conjugation, i.e.,

JR? (z) = R? (2%). (113)
In general,

R (z1)T R (z) - - - R¥ (24) JRZ? (2441) - - R¥ (2-1) R? (2)

=R*(z1)"R¥? (22 2a) JR® (21 -~ 2n) = R (21,20~ 202, -+ 7). (114)
Please be careful that this fact cannot be reduced to a product of J and a single 2 X 2 matrix, i.e.,
JR¥? (2) £ R¥*? (%), (115)

since J cannot be R?*2 (z) for some z € C. Thus, we observe that Equation (114) should be obtained by contracting
R?%Z (zg41) - R?*? (z2,1) R? (25,) = R? (2441 * - - zp) first, and followed by applying Equation (113)

Complex indexing formulae. Due to the complexity of our derivation, such as viewing a function space as a
linear space over scalar both R or C, The following conversion equations will be useful. We call them complex
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indexing formulae.

Mat [R (i'Pz) | p=1,2] = ng] =R%(2), (116)
p—1 :%Z* 2/ %
Mat [R (?'2) | p=1,2] = 5o | =R (&), (117)
Mat [R (i#77°2) | po,pi = 1,2] = 9;‘5 _ngz] =R¥?(z), (118)
Mat [R (2771 7Pz) | po, pi = 1,2] = ?j _{;’Z} =R*>?(2)]. (119)

5.3 Polarized Spherical Harmonics

5.3.1 Discussion on real coefficient formulation. Note that we already discussed the necessity of our real coefficient
formulation for spin-2 components for our PSH in the main paper in terms of complex pair separation, which
is described both in the main paper and this document through Equations (112) to (115). Now, we discuss our
real coefficient formulation for spin-0 components. We now have two choices when we fix spin-2 coefficients

as R%. Using a basis 51,0Yl$n @ (51,1?1,”1 + 5p2?]m2) ® 5P3Y115n and coefficients in R*, or using a basis 5poYIfn ®

(5p1 %ml +8p2 171,”2) ® Op3 Yl(r:n and coefficients in C ® R? ® C. While the former one, which will be selected our
polarized spherical harmonics basis in Proposition 5.4, clearly implies that it encodes general R-linear operators

on ¥ (gz’ S@) into 4 X 4 real matrices of coefficients for fixed [ and m indices, the later one cannot well define

coefficient matrices. First, R-linear operators on C & R* @ C belong to (R* @ R?* & Rz)z, which requires 2 X 2 real
coefficients for fixed [ and m indices to represent operators from s, components to s, components. It contains
too much redundant information to describe real-valued data from the original angular domain. It is not even
compatible with conventional formulation where SH encodes linear operators on scalar fields to a coefficient
simply in R or C for fixed [ and m indices. As another choice, if one tries to define a coefficient matrix with mixed
entry types, C and R, we cannot define it as closed under matrix multiplication. If taking a product of two such
matrices, complex values in spin 0-to-0 submatrices make spin 0-to-2 and 2-to-0 submatrices become complex.
Finally, they make spin 2-to-2 submatrices become complex when multiplying another matrix again. It yields a
contradiction.

5.3.2  Polarized spherical harmonics. As discussed in the previous section, we define our polarized SH by combin-
ing spin-0 and spin-2 SH with real coefficient formulation.
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Proposition 5.4: Polarized spherical harmonics

With an index set

I = {(ILmp) €Z?||m| <1,0<p <4, and [if p = 1,2 then [ > 2]}, (120)
?lmp’s are an orthonormal basis for the linear space of Stokes vector fields { f: §? - S@} over the scalar
R, where
YR (@) 0 0 0
. o] e B LY @) 5 3 [oYim (@)]] 5
AN AN m AN m AN
YlmO (w) - 0 ’Ylml (w) - [ZYI (w)] ’YlmZ (w) - %[ZYlm ((I))] ’Ylm3 (w) - RO
O I 0 Fop (@) 0 Fop (@) Yim () ]z5,0
(121)

Note that it can be rewritten as Ylmp = 5p0Y (@) (5p1 Yim1 + 0p2 Y]mz) &> 5P3Y . Also note that taking spin-2

Stokes vector from Y1m1 and Yzmz, Ylm = Ylml and zYlm = Ylmz The following formula is useful to derive our
linear operator formulations through a few equations rather than enumerating each indices p; and p,. Using
Equation (116), for p = 1,2,

Yimp =0 [iP! zYlm]% @ 0. (122)

5.4 Rotation of Polarized Spherical Harmonics

Here, we provide the statement describing the PSH coefficient matrices of rotations on Stokes vector fields and
its proof.

Proposition 5.5: Rotation coefficients of PSH

The coefficient matrices of a rotation transform R € SO (3) acting on the function space of Stokes vector
fields, R, is evaluated as follows.
Mat [<YlomoPo’§T [Ylimipi] >7_ | Po, pi = @000, 3]
[DIR,. (R') 0 0 0
5 0 RDLC,. (ﬁ) ~9DLC,.. (ﬁ) 0
= 9L, =3 -
0 IDLC (R) RDLC,,. (R) 0
R (= (123)
0 0 0 DR (R)
Dihfzm,» (ﬁ) 01x2 0
=0y, 02x1 R?*2 (Dihcomi (E)) 02x1
0 01x2 Dihlf,mi (ﬁ)
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Proof: Relation between spin-weighted spherical harmonics and Wigner-D matrices:

5 (4.0.9) = (- 1)\/ =Y, (6,9) eV, (124)
Using rotation matrices and 2:

O ()= 1 7)) -

where y, . (ﬁ) indicates an angle y such that R= Rgg iy2 (@ B,Y)-

ﬁ RF \/ﬁRz[p Dl 2( 1R)] (126)

Rotated basis can be evaluated as:

i) (73] o 5]
FLimp z = [LImp

N>

V@2I+1) (2l +1 ;o
<Yz/m s R [Yzmp]> ( 8) 5 'x i?~?'Dl, _, (S)Dhi_, (R7'S)dS
7 SO(3)
= 81 R |7 Dl (R7)| = 8108m R [#77 DL, (R)] (127
= 81 Sy (Rm oD, (R))
»'p
See also Boyle [2013]. O

5.5 Linear Operators (pBRDF, Radiance Transfer)

A linear operator on Stokes fields is characterized as a function of two directions into Mueller spaces.

Definition 5.6: Linear operators and kernels

Suppose there is a Mueller transform field K:S?x§? > My, —6,- The linear operator of the kernel K,
denoted by ET el (T (SZ, S(;,l.) JF (Sz, S(;,O)), is defined as follows:

Vs e T(SZ,SQ), K7 5] (@i):/l?(@i,ao)g’(@,-)d@,-. (128)
SZ

If a linear operator I?gc is given first, a Mueller field K satisfying the above equation is called the kernel of
the operator K.

A linear operator on Stokes fields can also be written as a function of two rotation transforms, similar to
rotation forms for Stokes vector fields.
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Definition 5.7: Rotation form of a Mueller transform field

The rotation form of the Mueller transform field K:S$?x8§* 5 M, -6, (or the rotation form of the operator
Kg) is defined as:

2 =2 —

K: SO (3) x SO (3) — R¥4,
e te e o \RiEeoRE
K(Rl-, RO) - [K (R,-i, Roé)] .

Conversely, when a function K : 50 (3) x 50 (3) — R*** is given, it can be the rotation form of a Mueller
transform field if and only if it satisfies the following constraints:

R (RiR: (1), Ro (2)) = Rez (=202) K (Ri, By Rz (291 (130)

(129)

We found that applying a linear operator to a Stokes vector field can be done in rotation forms of the Mueller
transform field and the Stokes vector field.

Proposition 5.8: Applying linear operator in rotation forms

f 0§ 5 S, and K : §2x§2 — M, -0, are a Stokes vector field and Mueller transform field, respectively.
The rotation forms of f and K are denoted by and M, respectively. Then the rotation form of I?(]r [ f ] can

() [, <{RR)e()o

where g denotes the rotation form of the resulting Stokes vector field.

be evaluated as follows.

Proof: By definition g is obtained as:
= o [9] (= . \]RoFg
8 (Ro) = [Rr ] (Ros) |

The term inside [-] can be obtained as follows using the integral conversion in Equation (15):
Sf 2 N E . an 1 N
/ K (w,—,Rozg)f(a),-) doj=— [, K (Rizg,Rozg) f (Rizg> dR;.
§2 21 J36(3)
Note that the integrand on the right hand side is [K (13,-, ﬁo) f (ﬁ,)] - .. - Substituting all equations into

oly
the first one,

g(R) = ‘/S_()M)K(ﬁi,ﬁo)f(ﬁi) dF, (131)

which also yields
5(13029) = % /5_6(3) K (13,-,130) f (13,—) dﬁi]ﬁufg . (132)
mi
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Definition 5.9: Complex form of a Mueller transform field

The complex form of a Mueller transform field K:S* xS - M, -6, is defined as ten functions

Kopops: §2x§? > Rand Kojs,ps Kp 013, Kppis Kppe * §2 x §2 — C which satisfy:

~ ~ \T -

o Koo R?2 (KOP) Ko

Ronan)] ™7 JRe () R22(Ry) +RP (R R? (K
(&, o) = po ppi| ppc J p3)] - (133)

- - \T -

Kso R? (KSp) K33

Note that we omit the variables (&;, &,) for each K component for simplicity.

In Definition 5.9, each component should satisfy the following quantities and functions on the rotation group,
which satisfy the following can be complex forms of a Mueller transform field, conversely.

~o|3,p (ﬁiﬁz (lﬁ),ﬁo) = I%O|3,p (Elﬁo) e V! (134)
~p,o|3 (R)l R.R, (‘ﬁ)) = Kp,OB (ﬁlﬁo) e Vi (135)
Ropa (RiRe (90) RoRe (92)) = Rypa (i By 720101 (136)
Kppb (ﬁiﬁz ($1), RoR. (‘ﬁz)) = Kppa (ﬁzﬁo) e Wi (137)

The coefficient matrix of a linear operator on Stokes vector fields can be defined and evaluated by 16 integral
formulae obtained by directly extending Proposition 1.4. However, we found that they can be evaluated with
fewer formulae using the complex form of the Mueller transform field.

Proposition 5.10: Coefficient matrix using the complex form of a Mueller field

The polarized spherical harmonics coefficients My, m,p,, 1;m;p; = <Ylomopp’ Mg [Ylim,-pi]> of a linear opera-

tor with the kernel M: §2 x §? — M, —a, is evaluated using the complex form of M as follows:

RN A ANTR AN AR
Mi, mo013,Lmi0(3 = /2 . Y, (@0) Mojs )3 (@i @0) Y, (@) ddidddo,
S2xS

T
[Miymooi3timit Miymoj3mi2] = R? (/ Yf:mo (@o) Mojsp (&, Do) Yy, (&1) dd)id@o) ,
§

2%§2

M, m 11-m-0|3} 2 / o .\ A NOR AN A 1n
oo LT =R VA Do) M Wi, V) Y, ®;) do;do, |, 138
[MlomOZ,limiOB §2x§2 2 om, ( 0) A ( ! o) Lim; ( i) 1o ( )

Ml moLlim;1 MI mo1,l;m;2 2X2 ~ W A A A A AA
M" o MO oL tel = R oY) (o) Mppi (@4, @) 2Y1m, (0:) ddidd,
lomo2,l;m;1 lomo2,l;m;2 2 §2 CRC

o8 ([ o0 00 e (01,00) a1, (00)di
X
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Proof: Proof can be done by using the definition of the complex forms. Here, we clarify derivation steps for
spin 2-to-2 components, p;, po = 1, 2, which additionally utilize our complex pair separation and complex
indexing formulae in Equations (118) and (119) as

f [limipis lomopo] = <Ylomopo,MYl,~mip,~>

=R 2 S2 il_p"ZYl*omo (o) [ipi_lMPPiZYIimt +i ~PPiZY;iﬁmi] e
S54xS
- ) o ) ) A o (139)
=R / Mppi (03, @) 2Ylomo (@0) 2Yt;m, (&) dddidido
S$2xS?
+ szz [ - Mppc ((Z)i, Cao) Zlemo (CDO) ZYltmi (d)l) d(bidd)o} J
O

5.6 Reflection Operator
To adapt Section 2.7 to our PSH, we first define a reflection operator Ts € .L (S, S) with respect to Z, as follows.

[TS (g,)]ﬁzyz(a,ﬂ,y)ii‘g _ ([g»]ézyz(a,n—ﬁ,mﬂ—}’)?g . (140)

Note that it can be understood by flipping the double-sided arrow, which visualizes a Stokes vector. It is also
equivalent to perfect mirror reflection by the dielectric material of infinite index of refraction.

It can also act on Stokes vector fields, and its PSH coefficients are obtained in the following steps. Using ZYZ
Euler angles for rotations,

(¥om Tr i ] ) = /szZY;” (@ fy) oY, (e — B0l — y) do>. (141)

Note that it is constant for y. For Wigner-D form:

@+ @Eer+n 1 , >
/Tﬁ o Dl _,(a.By) Dl _,(a,m— B0l —y)dR. (142)
3

By symmetry of small-D dfnm, and Wigner-D,
Dl (a,m=Bolr—y) = ()" DL, (@ By) = ()" D', _, (@ B.y). (143)
Substituting the above, the orthogonality of Wigner D-functions yields:
<Ylms TT [Yl/m’]> = (_1)1511’5m,7m’- (144)

5.7 Triple Product of SWSH
There are special symbols to represent the SWSH triple product. Spin-0 SH can be written as:

(211 + 1) (212 + 1) (2[3 + 1) ( ll lz l3 ) (l] lg l3)

Y4 —mq my ms 0 0 0

./@z Yljm1 Yym, Ymydd> = (=1)™ (145)

ACM Trans. Graph., Vol. 43, No. 4, Article 127. Publication date: July 2024.



Supplemental Document: Spin-Weighted Spherical Harmonics for Polarized Light Transport « 127:47

L I
mq my ms
one spin-0 SH, which is a spin-SH coeflicient of scalar multiplication of another spin-2 SH by a spin-0 SH, is
written as:

where the symbol (_ll ) is called a Wigner 3-j symbol. Then the triple product of two spin-2 SH and

/2 ZYITml lem22Yl3m3ch) = (—1)’”1 (146)
S

4 —miq my ms -2 0 2

(2l1+1)(212+1)(213+1)(ll I, 13)(11 I, lg)

We do not explicitly introduce what Wigner 3-j symbols are and how we can compute them. However, note
that the above two equations have the same kind of special symbols, which only depend on integer indices.
Since existing PRT methods have been used to spin-0 triple product, we can also compute spin-2 SH from their
implementation.

5.8 Convolution on Stokes Vectors Fields

In this section, we derive polarized spherical convolution as a rotation equivariant linear operator on Stokes
vector fields.

Definition 5.11: Rotation equivariant opeartor

A linear operator K¢ € L (T (Sz, S) ,F (SZ, S)) on Stokes vector fields called rotation equivariant if
Ry (Kr;—“ [f]) =Ks [§¢f] holds for any R € 50 (3) andf: §2 5 8,

If such an operator has a kernel, Mueller transform field, then rotation equivariant can be stated as follows.

Proposition 5.12: Rotation equivariant for operator kernel

Suppose there is a Mueller transform field K:StxS? > M, —6,- The linear operator of the kernel K,
12; is rotation equivariant if and only if ﬁys [I? ] =K for any Re 30 (3).

The above condition §¢ I?] = K can be written using the rotation form K : 50 (3) x 50 (3) — R¥ of the

Mueller transform as follows:

-

e

K (ﬁﬁi, ﬁﬁo) =K (ﬁi,ﬁa) , VR R,R,€S0(3). (147)

Then, we finally obtain a minimal form of the rotation equivariant (operator) kernel. It can be considered
an extension that a rotation equivariant operator on scalar fields has been characterized by a simple azimuthal
symmetric scalar field. However, we have more information in the codomain of the polarized convolution kernel.

Proposition 5.13: Minimal form of a rotation equivariant operator kernel

A Mueller transform field K: 2 x§? — M, .—&, Which is a kernel of rotation equivariant linear operator

can be characterized by a Mueller transform function of a single angle as K (f, I_égg ( ﬁ)), where K denotes

the rotation form of K.
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Proof: Using rotation equivariance K (ﬁ ﬁ,-, R _)o) =K (ﬁ, }30) we get:

K (Ei,ﬁo) =K (f, ﬁ;lﬁo) .
With ZYZ Euler angle I_éﬁg ig2, (@ By) = I_él_ IR, and the constraint of rotation forms of Mueller transform
fields,

K (LR 'R,) = Rez (<20 K (LR, (B)) Riz (~20). (148)
O

Note that K (Z ﬁgg (/3)) =k (B) € R¥* is the polarized convolution kernel which also introduced in our main

paper. Equation (148) yields its constraints by substituting f = 0 and § = 7 and using }_ézyz (e,0,y) = R, (a+y)
and Ry, (&, 7, y) = Ry (@ — y, 7):

k(0) =Rz (¥) k (0) Ry (-9,

K (1) = Rz (1) k (7) Riz (). (149)

for any . A particular corollary of it is that the isomorphic and conjugation parts of spin 2-to-2 submatrix of k
become zero at 8 = & and 6 = 0, respectively. These constraints are highly related to each subspace of PSH bases
for each submatrix of convolution kernels.

5.9 Convolution in Polarized Spherical Harmonics

Note that the following lemma is useful. It comes from Wigner D-function identities.

s —
LEMMA 5.13.1. For any indices l;, m;, and m; fori = 1,2 in the valid range and rotation transforms S, T € SO (3),

7 8 .
0 ) ()0 8) 20 (579
/S;())(S) iy ma H 2 +1 (hhmy) (Izmz) m,

87 L
~ 2 +15(llm1)(lzmz)D / ;(T s).

(150)

Spin 0-to-2. Starting from the definition, an entry of the coefficient matrix of a rotation equivariant linear
operator on Stokes vector fields K is obtained as follows. Note that in this section, K denotes the complex form
of the Mueller transform K, and (-, -)c denotes the inner product on the Stokes space over scalar C.

Kiymopolim;0 = <YlumopogK‘F lm, //;Msl Yl Moo (&), Kpo (@i, @) Yl m; (Ai)>s do;dd, =
9 RRy(i)Fg o N 6 . 9 R s 9 R
Yi,mopo (RRy 2 Koo [RRy (=5 | 2.RRy | o | 2] Y, (RRy (= | 2

O(3)

Using the relation between spin-weighted spherical harmonics and Wigner-D functions in Definition 5.2,

RRy(§)Fy _
dR sin 0d6.

(151)
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0 S [ 0) a2 (0NN g (25 [ O)) .5 .
q. (151) = B”‘R[ Po//om b 2(RR ( ))K (RRy (—5),RRy(§))Df;l’§) (RRy (—5))dRsm0d9]

B”%[l p"Il

(152)
where By, = —‘(zhj;(yﬁl), and we are denoting the integral term as I; for simplicity of later steps. In the
integrand of I, rotation equivariance of kpo yields:

- (== [ 0 5= (0 ~ (oo
Koo |RRy (5 ) BRy (5 )| = Koo (LR, 0)). (153)

We observe that it is independent of R so that it can go outside of the integral over R. Then, using the relation
between real and complex Wigner-D functions in Equation (60), I; becomes:

LI (8 : . (0} .
_ I, v C—R I; v .
L= /0 Ko (1. Ry (9))/5_(5@) Dk, (RRy(z)) > (M5F) Dh, (RRy( 2))dRs1n0d9. (154)

me=+m;
Then we can use Lemma 5.13.1 to the inner integral with a symmetry of Wigner-D functions Di;’l = (-1)" D* 0"
2z T D — I; = :
=i, / Koo (LRy 0) > Ompom, (=)™ (MGK) D, (R, (0)) sin6de.  (159)
me=+m;
Here, we observe that I; = 0 if |m;| = |m,|, terms containing m;, m,, and ms, denoted by UP’, is evaluated as
follows.

U = Mat[ > e (<1 (MSTR) | g,y =+, |m|l

me=+m;

0 1f 1 i 1 1 —i
— ()™ 1 . i — m m. | (156
(=1) [1 o] A [ D e 1] N [(—1) (-1) 1] (156)
Then, combining Equations (155) and (156) and converting the Wigner-D to a spin-weighted spherical harmonics
conversely, we get

2
0 27 e Ay N N .
= 8 1my)) (Lo |mol) Umoms —— By / <Ylo (6,0) , Kpo (24, Dsph (6, 0))>C sin 6d6@. (157)

We observe here that, similar to conventional convolution through scalar spherical harmonics, the only degree of

freedom comes from the order I. Thus, we can define the convolution coefficient of the scalar-to-Stokes part of K
as follows.

Ky po = 27 / (Viop (0.0). Ko (2, drpn (0,0))) _sin 00 € C, (158)
0

which can be considered as an inner product over the entire $2 as scalar SH convolution is. Note that we are
defining the convolution coefficient k; o as a complex number so that we will take R in later steps.
Now we finally get the coefficient of the linear operator by combining Equations (152), (157), and (158).

4
2ll' +1

Ky mopodimio = S(liima]) (o Imo ) R ( ooyl k. pO) (159)
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where p, = 1, 2.

Spin 2-to-0. We can follow similar steps to scalar-Stokes components. The coefficient of the linear operator is:

Kimottimips = (Vo K [Vimin | ) = //H VE  0) (Kop (01,00 Vimip, (00))  doidd, =

T e (as (0N N [e [ss [ 6). as (6).\]FRCDE g\ \]RR(-9F
o3 i 5 it
By R |iP" 1// 7B 9 Kop (iﬁy(e))D’fi*_z RR, OV disingao| = B, R [pP 1] .

0(3) mo 2 mi, 2 ito
(160)

Here, we denote the integral term by I,. Using the relation between real and complex Wigner-D functions in
Equation (60) followed by Lemma 5.13.1,

__ (0 0\\ .=
C—R lo v .
12_/0 Kop (1R, (6) /0(3)m§ (MSR) D, (RRy(z))Dmlz (RR ( 2))dRsm0d9

=+tmy

:5,1,,0% /0 Rop (LRy () Y bmem, (MSK) DYy (Ry (0)) sin a6,

me=+mg,

(161)

On the right-hand side, we can reduce the terms containing m,, denoted by U as follows:

U = Mat[ Z Smum; (M,fw_;ﬁ) | Mo, m; = +|m|, - |m|l

me=+m,

= mom; || Mo mi = +|m|,—|m|| = Gli - nmi|
Combining Equations (161) and (162) yields:
op 2 r C,* yd S ~ 1 .
I = 8(1;1my1) (o |mo ) Umom, Biir Y, %, (6,0) { Kop (29, Dspn (6,0)), [ | ) sin 6d6. (163)
itili J0 Fgl ¢

Now we can finally define the convolution coefficient of the Stokes-to-scalar part of K, denoted by ki op, and
obtain the coefficient of a linear operator in terms of k; gp.

T
C,* > A A 1 .
Kiop = 27[/0 Y, (6,0) <K0p (24, dsph (6,0)), [0]4 > sin 0d6 € C, (164)
Fy C
4r pie1770
Kiymo0limipi = Ot 1mal) (oI mol) T 1‘3 (lpl lUml:mikl,Op), (165)
i

where p, = 1,2.

Spin 2-to-2. The coefficient of the linear operator is:
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Klomopo Lmip; = <Ylom(,posK Yl mlp, [/2 s Ylom(,po (wo) (wn @) [Yl,m,p, (wl)]> da;dd, (166)
N

4 o [ > o Fi—F, 1o - Fo
- / /ﬁ [,Omopo Roz)] .[Kpp (Rié,Roi)] [Ylimipi (Rié)] dR sin 0d0), (167)
0 JSO(3)

- -

where I_é,- = ﬁﬁy (—g), R, = I_éﬁy (g), F; = ﬁif‘g, and F
functions as:

=}

Il
’xu
'-m
ﬁ
o
o
=
o
(¢
=
(¢’]
=
=.
o
[¢]
=
lardd
=]
-t
[¢]
=]
8
2]
o
o)

=)
=]
(¢}
o
o

T N T . N N N
Kiymopoimip; = Bul, / /_) R2 (71Dl (Ro)) Kop (RiRo) B2 (77Dl , (Ri)) dRsinode.  (168)
0 J58(3)

Here, we need an additional step that was not needed for scalar-to-Stokes and Stokes-to-scalar terms. Note that
2 x 2 matrix K can be decompose into two terms K = R2X ( ) + R ( ~ppc) J. Then right two terms in the
integral in Equation (168) become as follows by Equatlon (114):

Kpp (ﬁi,ﬁo)RZ (ipi—lpf;;z_z (ﬁi)) = R? (ipi—lkppi (ﬁi, ﬁo) Dir, (}3,») F PR (ﬁi, ﬁo) Dk _, (13,»)). (169)

Substituting this results into Equation (168),

n
Klomopo,limipi = Blilo% [ipi—Po ‘/0"/;_0>(3)D£rozo,—2 (Ro) Kopi (Ri,Ro) Di::_z (R,) dR sin HdQ]

By R |2 Pi~Po i Dlo D K ) I; D D o 0do (170)
+ By, i - o2 Ry ) Kppe | Ri, Ro Dmi!_2 R; sin
0 J50(3)

= Blilo% [ipi—polg + iz_pi_p014] .

Here, we denote two integral terms by I3 and I, respectively. First, I3 can be evaluated similarly to previous
components.

2t [T (e L .
I = S0m tama) 5 / ppi(I,Ry(G))Dljzﬁz (Ry (8)) sin6d0 (171)
27r = .
= St oo 5, / (212 (6.0), Kopi (L.Ry (6))>Csm6d9. (172)
Similarly, Iy is:
m 2w [T
I = 8(-m 1) (~D™ 2 - (IR (0)) (R (0))sm9d0 (173)
I;l; Jo
: Cm 2T 4 ~ > = .
= B mtama) (D™ 5 /0 (212 (0.0) . Kpe (LR, ()))_sin6do. (174)
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Finally, the convolution coefficient of the Stokes-to-Stokes part of K can be defined as two complex numbers
Ky ppa and k; ppp, and the coefficient of linear operator can be written in terms of kjpp, and kj ppp.

T
Ky ppi = 27 / <2Y,l.,_2 (6,0), Kppi (1, R, (9))>Csmed9 eC, (175)
0
Kippe = 27 / <2Y,l.,2 (6,0) . Kppe (Z R, (9))>C sin6d0 € C, (176)
0
45T o o
Kiymopolimips = Oty le—+1% (Bmymo 1P POKyppi + Oy, (—1)™ 27PI7Pok ) (177)

where p, = 1, 2. Note that the final equation can be rewritten using Equations (118) and (119):

4r ;
Mat [Ki,m, po timips | Pos pi] = 51:'10\/ oL +1 (Omimo R (Kpppi) + 8- mymy, (=1)™ R¥? (kyppe) J) - (178)
1
We observe that this expression is natural since I%ppi and kppc was decomposed from Kpp = R2*2 (I%ppi) +

R2X2 (kppc) J.
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6 RESULTS AND DISCUSSION

6.1 Results for Precomputed Polarized Radiance Transfer

Scene specification. We provide technical details of the scene setups throughout the main paper (Fig-
ures 1, 20 20, 21, 18, and 22) and this supplemental document (Figure 9) in Table 2. The reported numbers
of vertices include 3D models themselves and ground planes. Note that While (1) lighting (environment map),
(2) radiance transfer matrix of pPBRDF and shadow, and (3) high-order convolution approximation of pBRDF
are encoded in PSH coefficients, each single coefficient contains trichromatic RGB values, refer to 12 bytes (4x3
bytes float). Each scene uses two materials. Note that while transfer matrices differ for each vertex, convolution
coefficients for high-order pBRDF are shared by all vertices of the same material due to rotation equivariance.

Validation against GT. Here we provide rendered images of Mitsuba 3 GT render and our PPRT method
for each cut-off frequency Imax, which are discussed in Figure 19 in the main paper Section 7. The resulting
images and difference maps are shown in Figure 9. Since Mitsuba 3 does not support polarized environment
map emitters, we are using an unpolarized environment map for this scene. In addition, Baek et al. [2020]’s
data-based pBRDFs are only supported by multispectral variants of Mitsuba 3, while our implementation is based
on conventional RGB rendering by projecting multi-channel Baek et al. [2020] pBRDF into RGB in advance.
Instead, for this quantitative validation, we conducted this scene with an analytic pBRDF model Baek et al. [2018].
Specific configurations of this scene are also reported in Table 2.

Table 2. The scene setups specification throughout the main paper and this supplemental document. For several scenes
which do not use high-order convolution approximation we are not reporting numbers of such coefficients.

Scene # of vertices | Lighting coeff Radlbance transfer Convolutlon'coeff. FPS
matrix (per vertex) (per material)

Main Fig. 1 21,087 300 5,625 45 100

Main Fig. 20(a) Rows 1 & 2 10,115 75 5,625 - 475

Row 3 300 5,625 45 306

R Rows 1 & 2 75 5,625 - 162

Main Fig. 200b) | "¢ 5 20,545 300 5,625 45 102

(b) 75 5,625 - 480

Main Fig. 21 (©) 10,115 108 11,664 - 210

() 300 5,625 45 308

Main Figs. 18, 22 19,944 300 5,625 45 111

Iy = 4 75 5,625 - 750

lnax = 5 108 11,664 - 373

Fig. 9 Imax = 6 3,482 147 21,609 - 208

Imax = 7 192 36,864 - 110

Inax = 8 243 59,049 - 75

6.2 Discussion on SWSH Formulations in Previous Work

Definitions of spin-weight spherical harmonics. For interested readers, we briefly review the formulations
of SWSH in previous work here. When SWSH were originally introduced by Newman and Penrose [1966], they
were defined using a special kind of differential operators, spin raising and lowering operators 8 and 8. Then
Newman and Penrose [1966] defined SWSH in the spherical coordinates (6, ¢), and dependency of local frames is
regarded implicitly. Goldberg et al. [1967] found a relationship between SWSH and Wigner D-functions. Our
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(a) so component
GT (Mitsuba 3)

(b) s; component
GT (Mitsuba 3)

(c) s, component
GT (Mitsuba 3)

Ours lpay = 4

Difference lpax = 4

Ours lpay = 4

Difference ljax = 4

Ours lpay = 4

Difference lpax = 4

Ours lpax =5

Difference ljpax = 5

Ours lpaxy =5

Difference ljnax = 5

Ours lpaxy =5

Difference lpax = 5

Ours lpaxy = 6 Ours lpax =7

Difference lpax = 6 Difference lpax = 7

Ours Iy = 6 Ours lpay =7

Difference ljax = 6 Difference ljax = 7

Ours lpaxy = 6 Ours lpax =7

Difference ljax = 6 Difference lpax = 7

Ours lpax = 8

Difference ljax = 8

Ours Iy =8

— u

Difference lj,x = 8

Ours lpax = 8

Difference ljax = 8

Fig. 9. Rendered images for Figure 19 in the main paper. We validate our real-time polarized rendering with shadowed
radiance transfer compared with Mitsuba 3 GT ray tracer. (a) to (c) shows s, s1, and sp Stokes components of polarized
images, respectively. We observe our results get closer to GT results as the cut-off frequency Imax increases. Note that
differences in this figure and Figure 19 in the main paper were computed only at pixels where the object exists.
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description of SWSH in Definition 5.2 is based on this relationship to make the frame dependency clear rather
than implicit. Note that we do not cover what 8 and 8 operators are.

Spin-weight s = —2 spherical harmonics. Ng and Liu [1999]; Zaldarriaga and Seljak [1997] used both spin +2
and —2 SH to handle the correlation of Stokes vector fields, but the necessity of two types of special functions for
describing a single type of quantity, Stokes vectors, has been somewhat counterintuitive. While the occurrence of
complex conjugation in several equations in this work (; Yl;-km,- and }7 —mp in Equations (51c) and (69b) in the main
paper, respectively) can be considered to correspond to the spin —2 coefficients in Ng and Liu [1999]; Zaldarriaga
and Seljak [1997], we do not need to introduce spin —2 SH in our paper. Instead, the complex conjugation is
explained not as a property of special functions such as spin +2 SH, but by the complex pair separation of Mueller
transform (Equation (47a) in the main paper and Equation (112) in this supplemental document), which is defined
in the angular domain without regarding any basis function.
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